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COMPLEX NUMBERS
CHAPTER -1

1.1 Introduction :

We have the knowledge of Natural numbers (N), Integers (I or Z), Rationals (Q) and irrational
numbers (Q’). All these numbers constitute real number (R). One of the properties of real numbers is
square of every real number is positive i.e x? > O for every real x. i.e. there is no real number whose
square is negative.

The equation x, + 1 = 0 have no solution in real numbers. So we have to extend a new kind of
numbers. We define the square root of a negative number as imaginary number.

Particularly J-1=i
Positive integral powers of i :-

We have i=+v-1

is = (i2)2=(-1)2=1

In order to compute i, for n > 4, we divide n by 4 and obtain the remainder r. Let m be the
quotient. When n is divided by 4. Then

n=4m+r,

in = lamer = (ia)m - I = 1.0c = i
Thus the value of i, for n>4 is i;, where r is the reminder when n is divided by 4.
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1.2 Complex Number

The number of the form a + ib is called a Complex Number, where ‘a’ and ‘b’ are real numbers and
i=v-1 is an imaginary number.

In complex number z = a + ib, the numbers a and b are respectively known as real and imaginary parts of
z and we write :

Re (Z)=aandIm(Z)=b

Thus the set C of all complex numbers is given by

C={z:z=a+ib,wherea, b ER}

Example : 2 + 3i, \/§+3i, 5 - 4j etc.

Purely real and purely imaginary number :

A complex number z = a + bi is said to be

i) Purely real, ifIm (z) =0i.e.b=0



i) Purely imaginary, if Re(z)=0i.,ea=0

e.g.2=2+0.,-1=-1+0.iare purely real.

3i=0+3i,-i =0+ (-1)i are purely imaginary

Hence every purely real number and every purely imaginary number are complex number.
Equality of complex number :

Two complex number z; = a, + iby, and z, = a, + ib;
are equal if a; =a;and by = b,
i.e Re(z/) = Re (z2) and Im (z1) = Im (z2)

e.g Ifz,=2-iy, Zz=x+3i, zZ1=2, find xand y

Ans. Z1 =2
= 2-iy=x+3i

:>2=xandy=-3

Modulus of a complex nhumber :

The modulus of a complex number z = a + ib is denoted by |Z| and is defined as

2| = Ja? +b? = [ Re(z)? |+ {m(z)*|

Example : z= 3 + 4i
|z =V3% +4% =5
Note : In the set C of all complex number, the ordered relation is not defined. As such z, > z,, z,> z, has

no meaning but |Z1| > |22| or |Z1|< |22| has got its meaning. Since |Z1| and |22| are real number.
Polar form of a Complex number :
Let XOX & YOY be the co-ordinate axis. Let z = a + ib be represented by a point P(a, b). Draw

PM L OX Then OM =a and PM = b. Join OP. Let OP = r and £XOP =6
0 0

Thena=rcos ¥ and b =r sin

z=a+ib=r(cos 04 i sin e) is called the polar form of a complex number z.

Comparing real and imaginary parts, we get. Y‘T

a=rcos O e, (1)

b =rsin O (2) Pia, b)

=r=va’+b* = |Z| (modulus of the complex number) L b

Dividing (2) by (1), we get %) R
O a M -

tan0 = b *

a

=0= tan(gj
a

The angle is known as the amplitude or argument of z written as amp (z) or arg (z).

The unique value of 9 such that - ®<9=T for which a = r cos and b = r sin is known as the
principal value of the amplitude.

The general value of the amplitude is (2n7t+ 9), where n is an integer and is the principal value
of amp (z). While reducing a complex number to polar form, we always take the principal value.



Simple process to find Arg z :

b

a

Let z = a+ib, = tan.

x>O,y>O:> Prargz= 0

x<0,y>O:>Prargz=n-6
x>0,y<O:>Prargz=-9
x<0, y<0 — Prargz=-(n-0)or™+9
(—1+\/§i] 2n
argl ——— |=—
For Example : Prove that 2 3
1B,
letz= 2 2
1,8
2 2
(9:tan’19:tr:1n’1\/§=E
a 3

1.2

i)

Herea<0,b>0
= 0 lies in 2nd quadrant
T _2n

sargz= 3 3
Algebra of Complex Numbers

Addition of two complex numbers :

Letz, = a; + iby, z, = a, + ib, be two complex numbers, then their sum is z; + z, is defined as the
(ar + @) +i(bs + by)

e.g z21=2+3i,z,=3 +4i

=(2+3) + (3+4)i=5+7i

Subtraction of two complex numbers :

If z; = a; + iby, z; = &, +ib, be two complex number then their difference is z; - z; is defined as (a; -

az) + |(b1 - bz)
e.g.7, =2 +3i, 2= 4+/3 |

iii)

2 -2,= (2-4)+ 3-3)i = 2+ (3-V3)i
Multiplication of two complex numbers
Let zy = a; + iby, zZ; = a, + ib, be two complex numbers. Then the multiplication of z, with z, is

denoted by z,z; and is denoted as the complex number (asa; - bsb,) + i(aib, + azby)

e.q.

Letz,=2+4iandz,=4 +5i

Z21Z; = (2+4i) (4+5i) = (2.4 -45)+i(2.5+4.4)
=(8-20)+i(10 + 16)

=-12 + 26i

Conjugate of a complex number :



Let z=a + ib be a complex number. Then the conjugate of z is denoted by z and is equal to a - ib.
e.g.z=2+3i, Z =2-3i
or The conjugate of a complex number ‘Z’ denoted byz, which is the complex humber obtained changing
the sign imaginary part of z.

e.g.

(2+3i) = (2-3i)

(3 +5i) = (3 - 5i), 6i = —6i, — 2i = 2i etc.
iv) Reciprocal of a complex number / Multiplicative inverse of a complex no :

Let Z = a+ib be a non zero complex number. Then the multiplicative inverse of z is same as its
1

reciprocal, i.e E .
1 Rez [-Imz z
.= 7 Tl 2 |~ 2
z |z| |z| |z|
Example : Find the multiplicative inverse of 2-3i.
Ans. Letz = 2-3i
2_1_1_ 1 2-3i  2+3i _2+3i_2+3i_£+ii
z 2-3i |2-3iff 2*°+(-3) 4+9 13 13 13

v) Division of two complex numbers :

The division of a complex number z; by a non-zero complex number z, is defined as the
z
i

multiplication of z, with the multiplicative inverse z, and is denoted by 22

z1=2+3i,z,=1+2i
20 () (12
_ z_z_(2+3|)'(1+2ij _(2+3l){(1+2i)(1—2i))
( 1-2i (1-2) (2 6) (-4 3) 8 1.
_ (2+3|{1_(_;)j:(2+3|{T'j _ (EJrEjH(?JrEj:E_EI

To express the given complex number in the standard form a+ib.

Algorithm :
Step : 1
a+ib
Write the given complex number in the form c+id (by using fundamental operations of addition,

subtraction and multiplication).
Step: 2
Multiply both the numerator and denominator by conjugate of the denominater, then simplify
4 -3i

Example : Express in the form of a+ib, (1—|)2




4-3i 4-3i 4-3i 4-3i (4-3i) 8i-6i° 8i-6(-1)

Ans. (1= 1+P2-2i 1-1-2i —2i (-=2i)(2) —4% —4(-1)
6+8 6 8 3 _
=—+—i=—+2i
- 4 4 4 2

1.4 Properties of Modulus :

If z, z4, z» < C then

i) |Z|=O©z:0 ie.Re(z)=Im(z)=0

iy [2=ld=-2

iy —[A<Re@)<|g -[z/<Im(z)<|4
iV) zZZ= |Z|2

V) 2i2,| = [z,/|z,]

22 H z,#0

vi) Z; |22|

vii) 2, + Zzl2 = |Z1|2 + |zz|2 +2Re(z,.Z,)
viii) z,+ 2| =[z,[ +]z| —2Re(z,2,)

2 2 2 2

w ezl vz =2 )

Proof : (vii) (21 +Z, )2 = (21 +2Z, )(21 + Zz)
=(2,+2,)\Z,+2,)=2Z,+ 2,Z, + 2,2, + 2,Z,

=lz[* +|z,|" +]zZ,|+ (ﬁ) (z+Z =2Re(2))
=z +|z,| +2Re(z,Z,)

Triangle Inequality : (Inequality Involving Complex no.) : - For two complex number z; and z,.

|z1 +zz|£|z1|+|zz|

, A
Proof : [21 72| =(21+2, )(21 + 22)

= (21 +22)(21 +22)

=2,2,+2,2Z,+2,Z,+2,.2,

=lz[* +|z,|" +2.2, + (21_22)

= ‘212‘ + ‘222‘ +2Re(z,Z,)
2Re(z,2,)<2z,Z,| ( -7 <Re(z)<[7))

<|z,[* +|z,|" + 22,2,

<lz| +lz.| + 22z ( [zz,| = |Z1|-|22|)
|2

<l +fzl + 22z ( [2=[2)



<le|+lzf)
=z +2,| <[z +]z,| (Proved)
Corollary : 21 = 2| > [z -[z,|
Proof : |Z1| - |(Z1 —22)+22|
<|z,—z,|+|z,|
= [z -[z.| <[z - 2,

Square root of a complex number :
Let va+ib =x+iy (a,b,x,y eR)

Squaring both sides;

a+ib=x;-y,+ 2xyi

Equating the real and imaginary parts from both sides,
X2—=V¥2=@ ceeiieennn. (1)

and 2xy =b
(X2 + ¥2)2= (X2 - ¥2) +4X2y.=a, + b,

= x, +y; = TVa’ +Db’
> Xty = \/a2+b2
(Rejecting the negative sign as x, +y, > 0)

Adding and subtracting equation (1) and (3) we get,

x? :%(\/a2 +b? +a) and y? =%(\/a2 +b? —a)
SX = iB (\/a2 +b? +a)}; and y = J_rB (\/a2 +b? —a)};

Note : Since 2xy = b, xy and b have the same sign. In other words, if b is positive then x and y are of the
same sign, if b is negative then x and y are of opposite sign.

Algorithm for solving square root of a complex number a+ib.
Step -1 Take \/a+ib =i(X+iy)

Step - 2 Squaring both sides of step - 1

Step -3 Comparing the real and imaginary part of step - 2

Step-4 findx;+y,
(using the formula (a+b), = (a-b), + 4ab)

(X2+Y2)2 = (X2 - Y2)2 T4XaY2



Let X, +y,=C.(SAY) coviiviiiieiieeeiiie (3)
(here C > 0)
Step -5  Solving equation (1) & (3) as equation(1) + Equation(3) to get the value of x.
Step -6  Put the value of x in equation (2) to get the value of y.
Step -7  Substitute the values of x & y in step (1) to get square root of a + ib.

Example : Obtain the square root of 3+4i
Solution : Let V3 +4i = i(x + iy), wherex,y e R

= 3+ 4i =Xy -y, + 2xyi
Equating the real and imaginary parts we get.

x24y?= \/(x2 —y2)2 +(2xy)? =32 +42 =5
Xo + Y2 = D 4)
Adding equations (2) & (4) we get

X2+y2=5

Xz-y2=3

2%, =8

= X2=4

= X=2

Putting the value of x in Equation3, wet get
22y=4
=y=1

Hence V3 +4i = (2+1)

or  Alternative Method

For any complex number z = a+ib, we have the square root of z

\/Ezi{\/|z|+2Rez+i\/|z|—2Rez}

B |z|+Rez . |[z|-Rez
. ‘E_i{\/ 2 '\/ 2 }

Here |z|=Va® +b? | Re(z)=a, Im(z)=b

Algorithm :
Step:1 LetZ=a+ib
Step : 2 Identify real part(a) and imaginary part (b) of Z.

,if Im(2)>0

, if Im(z)<0



Calculate modulus of z= |z] = Va* +b?

Step: 3  Put the values of |z| and Re Z in the following (according to the sign of Im Z

ﬁ:i{\/uu;ez+i\/|z|—2Rez}

\/E:i{\/|z|+2Rez_i\/lzl—zRez}

Find the square root of -8+i

,if Im(2)>0

i)

Example

| if Im(2)<0

Solution
Let z = -8+i

Here Re(z)=-8, Im(z)=1 >0

2] = V(-8 +1° =65
+ \/\/&—8 +i\/\/g+8
- 2

2

Example :

Find the square root of 5-12i
Solution : Let z = 5-12i
Here Re(z)=5, Im(z) = -12<0

|z|= /5% +(-12)? =/25+144 =\[169 =13

\/E:i{\/|z|+2Rez _i\/|z|—2Rez}

+{\/13+5_i\/13—5} £lo-iva} ={3-2i
- 2 2 [ _

1.5 Cube roots of unity :
Let x =31

x-1)(x2+x+1)=0
(x-1)=0or(xx+x+1)=0

X:—1im _-1£43]
x=1or 2 2
14430 —1-43i
The cube roots of unity are 1, 2 2
—1+4/3i ®

Let 2 be denoted by  (womega)



2 4 4 2
2 __1_\/5

o
Hence 2

.'.[—1+\/§i}2 _-1-3-2W3 _-2-23 _-1-13

Also, since ® is a cube root of unity, 033 =1
Properties of cube roots of Unity :

++/3i 2 _—1-43i

1 =10, 0 whereoa=_1— and o
f 2 2

then we notice the following properties.
(1) The sum of cube roots of unity is zero.

ie.1+w+w,=0

(—1 \/5] [—1 \/§J
T+ —+—i [+ — ——i
Proof: 1 +w+w,= (2 2 ) (2 2 ) -q4(0n=0

1+w+w,=0
(2) Cubes of cube root of unity.
Proof : We have ®; =1

1 V3Y (=1 BY(-1 3 (_1_£iI_1+iﬁ]
27 T2 2T ) 2 2 22

(3) Each complex cube root of unity is the square of the other.

{%1“%}2 _ %(1—2\/5—3)
Proof :

Similarly

(4) Product of three cube roots of unity is 1.

1( 1 ﬁ]{ 1 ﬁ]
=+ —i|—=—1—
Proof : 2 2 2 2

(5) The complex roots @ and 0)2 are conjugate each other.

_ { 1 .\/3J 1 .V3 2
Oo=|-——+l—|=—"=—1—=0®
Proof :

2 21 2 2



Similarly ®° = ®
(6) Each complex cube roots of unity is the reciprocal to the other.

, O O
Proof : The complex cube roots of unitare: ,
O 0O o

Since . 2 = 3=1
1 1
®=— and 0’ =—
()] (O]

Note : (i) If @ be a cube root of unity and n be a positive integer, then mn= m,, when r is the least non-
negative reminder by dividing n by 3.
(Dn :m3x+r :OJ3X.Q)r :(m3)x.0)r :1.(Dr :(Dr, r=1or?2

Thus O\)7 =( (/03)2. (D= 1. (D= ®
W,y = ((Ds)g- ®,=1, 0,= 0,

®42 = ((Ds)m =1
iy 1+°+%,=0

:>1+®=-(D2and 1+m2=_(o
Procedure for solving the problems containing ®"

Step :1
Covert ®" (n>3) into either I, ® or ©,,
by o"=0>=1 oro"=0>"=m, orn'=o0
Step: 2
Simplify by using the properties
1+0+0°=0,0r 1+o=-0? or 1+’ =-o,or o+»>=-1and ©° =1

3x+2 2
=0

Example :
Prove that (2- ©)(2- ©2)2- T )@ ©1) = 49
Proof :
LHS. @ )2- 2@ Coe-
=2 “)2- @ Ps @ Csa)
=2 “)2- P “)e- Vo)
= (2-

(DAZSm
=[(2- )2 2l
=42%,2%+%,
=4-2%,2%+11,
=52 2L
=152("+ )k
= [5-2(-1) = [5+2]: = [TL=49 =R.H. S.
1.5 De-Moivre’s theorem

e

e

° ¢

If n is an integer, positive or negative or zero.
Then (cos 0 +isin 0 Yo = cosne+ i sin n6
Proof : Case-l : When n is a positive integer :

The proof is by mathematical induction.



Let P(n) : (cos e+ i sin 0 )Jh=cosn e+isin n
Ifn=1,P(1)is true.
Since (cose +i sine ) = cos(1.e) +isin (1.6)
. 06 .,. .0 _ 0, . .
i.e.cos +isin~ =cos +isin
Assume that P(n) is true for some positive integer k
ie. (cose +i sine )« = COS ke+ i sin k6
Now, (cos 0 +1isin 0 )1 = (COS 0 +isin 0 )-(cos 0 +1isin 0 )
= (cos ke+ i sin ke )(cose+ [ sin9 ) =(cos ke. cose - sinke : sin6 )+ i(sine. cos ke+cos9 . sin ke) =
cos (k9+e )+ isin (k9+9 ) = cos (k+1) 0 +isin (k+1) 0
P(n) is true for n = k + 1, whenever P(k) is true.
By the principle of mathematical induction, P(n) is true for every positive integer n
. 0.. .0, _ 0, . .
i.e.(cos  +isin ),=cosn +isinn
Case-ll :
When n is a negative integer :

Let n = -m, where m is a positive integer.
0 0 0 0 1 1

(Cos +isin ),=(cos +isin )= (COSB—i—iSin G)m =C0S MO +isinmo (by case-l)
cosmo—isin mo cosmo —isin moO 0 0

~ (cosmO+isin mO)(cosmO—isinmO) = cos?’moO+sin> MO =cosm -isinm
0 0 0 0

=cos (-m) ¥ +isin(-m) L cosn” +isinn ( cos (_6) =cos"” and sin (-9) = -sine )
Case-lll :
Whenn=20
Clearly, (cos 0 +isin 0) =1
= cos (0. e)+isin (0. e)
Thus, De Moivre’s theorem is true for all integral value of n.

nw Roots of Unity

Letz=r(cose +i sine ).
z=1=cos0 + i sin0
Then we may write,

z = [cos (2k7T ) +i sin (2kn)], where k is a whole number.
1 1

-.z" =[cos(2kn) +isin(2km)]" : Where k =0, 1, 2, ... (n - 1)

(ZKn) . (ZKRJ
=CosS| — |+isin| —
n N, (1) [By Demoivre’s theorem]

Thus, we obtain nth root of unity
Example : Solve z, = 1
Ans. Let z,=1

~z=1

We know that 1=cos0 + i sin0 = [cos (2k © ) +i sin (2k )]



14 = cos(&j + isin(&)
4 4

Where k=0, 1, 2,3

1"* = cos K +isin K
= 2 2

fork =0, 14 = cos0 + i sin0
14 = COS(E] + isin[EJ
fork =1, 2 2 fork =2, =cos n+isinm

14 = 003(3—nj + isin(3—ﬂj
fork = 3, 2 2

l. Square roots of a complex number

NN

RN
NN

2% =z =r" [cosg +isin9}
For n = 2, putting k = 0, 1 in equation (i), we get; Fork=0, 2 2

Jz = r%{cos 2n2+ 0 +isin 2n2+ e}

k=1,
Il. Square root of unity :

Since 1 = (cos 0 + sin 6 ). We have
1
12 = {cos (an; 0) +isin (em+ 0)}

, where k = 0.1
1

.12 = (coskn +isinkn), wherek = 0,1

Putting k = 0, 1, we obtain the square root of 1 as
(cosO+isin0)=1and (cos™ +isinT )=-1
Hence the square roots of 1 and -1.

Cube Roots of unity :

Since 1 = (cos 0 + i sin 0), we have

1 2kn+0Y) . . (2kn+0
13 =| cos +isin
3 3  Wherek=0,1,2
{ (2knj . .[21«:]}
1=|cos| —= |+i sin| —
3 I (1) Where k = 0,1,2

Putting k = 0, in equation (1), we get.

cos0+isin0=1
Putting k = 1, in equation (1) we get
2n) . . (2n) —1++/3i
cos| — |+isin = |= ———
3 3 2
[ ] ..[211) ~1-+/3i
cos| — |+isin = |= ————
Putting k = 2, in equation (1), we get., 3 3 2
—1+/3i —1-+/3]

Hence the cube roots of 1 are 1, 2 2




Important Long type questions & Answers :
Q1. If1, ® , 0)2 are three cube roots of unity, Prove that
(1-o+0?f1-0? +0* J1-0* +©*) to2n factors = 22"
Proof
LH.S. (1—co+o)2X1—co2 +co4x1—oa4 +(o2) to2n factors
= 1o+ 1-0® +0>"1-0®"+v?) to2n factors
= {1-o+o X1+oa ® )}{(1—oo+ o?[1+0—-w?)} ton factors

- {(1+0) ‘”X o? -0 }{1+ 0 —o)- 0’ —0?)} ton factors
(Fo-o)-2 )}{(— ~0)-20?)} ton factors

- {- 203)(— 202 Jf{- 20)-20%)} to n factors

= {40° [f40®} to n factors

4...... n times

) = 2,, = RHS

Q2. Find the square root of 5 +12i

Solution : Obtain the square root of 3+4i

Solutlon Let V5 +12i = +(x+iy), wherex,yeR 1)
5 +12i = (X2 -y2) + 2xyi

Equating the real and imaginary parts we get.

Y2 = D 2)
2XY =12 e 3)
x*+y _\/(x ~y )2+(2xy) =+/5°+12° =13
X + Y2 = 1 e 4)
Adding equations 2 & 4 we get
Xo + y2 = 13
2-Y2=5
2x, =18
X2 = 9
= X=3
Putting the value of x in Equation3, wet get
23y=12
= y =2
Hence V9 +12 = £(3+2i) Ans.

Alternatively



Letz=5+12i
Here Re(z)=5, Im(z) =12>0

| z|= V5% +12% =25+ 144 = /169 =13

\/E:i{\/|z|+2Rez+i\/|z|—2Rez}

+{\/13+5+i\/13—5} s +ia) +{3+2])
- 2 2 [ _

Q3. Find the square root of 8-5i
Solution : Letz=8 - 5i
Here Re(z)=8, Im(z) = -5<0

|z |=+/8% +(-5) =~/89

_ |z|+Rez . [[z|-Rez
‘E_‘{\/ 2 '\/ 2 }

i{\/@+8_i\/@g} + Vo -4 +{3-2i

2 2

n

X +in =2cosno

1
X+ —=2¢c0S0,
X show that X

Q4. If

1
X+—=2c0s0
Proof Let X

x? +1
X
Xo+1=2Xcos
Xo+COS,t+sin, = 2Xcos
Xo+C0S,-2XC0s=-sin, =-1.sin,=i, . sin,
(x-cos), = (i sin).
X-COS=i sin
X = COS i sin
X = CcOs +i sin, cos - i sin
Let's choose x = cos +i sin
Xn = (COS +i sin),

=2c0s0

R A

=  X,= cosn+isinn
1
Again X" = (cos +i sin).,
= cos(-n)+i sin(-n)
1 -
— =X .
= X =cosn- i sinn
1
X"+ — . .
Now X" = (cosn+i sinn) + (cosn-i sinn)

= cosn+i sinn+cosn-i sinn
=2 cosn (Proved)
Q5. If cos a + cosP+ cosy = sina+sinB+ siny = 0, Then show that
cos 3a+cos3p + cos 3y = 3. cos (a+B+y)



Proof
Let x = cosa+tisina
y = cosp +i sinf
Z = cosy +i siny
Giventhat cosa+ cosp+ cosy =0
sina+sinB+ siny =0
Now x+y+z = (cosa+i sina)+(cosp +i sinf )+(cosy +i siny )
= (cosa+ cosB+ cosy)+i (sina+sinp+ siny )
= 0+i0

As we know that
X3 +Y3+2Z5- 3XYZ = (X+y+2)(Xo+Y2+2Z2-Xy-yZ-2X)

X3 +y3+2z;5- 3xyz =0 ( by (1))

X3 +Y3+2Z3=3Xyz

(cosa+i sina)s+ (cosP +i sinf ); + (cosy +i siny ); = 3 [ (cosati sina)(cosp +i sinf )

(cosy +isiny )]

cos3ati sin3a + cos3p +i sin 3 + cos3y +i sin 3y = 3[cos (a+P+y)+i sin(at+B+y)]

(cos3a+ cos3p+ cos3y)+ i(sin3a + sin 3B + sin 3y)= 3 cos (a+PB+y)+i 3 sin(a+p+y)
Comparing both sides, we get

cos3a+ cos3p+ cos3y= 3 cos (a+p+y)



Chapter - 2
Matrices

A Basic Concept :

Definition

A system of ‘mn’ numbers arranged in m rows and n columns and bounded by the brackets [ ]

is called as m by n matrix, written by mxn matrix. A matrix is also denoted by a single capital letter.

Example :

a11 a12 a13 a1n
a21 a22 a23 a2n
A =
_am1 am2 am3 amn i

Where a; is an element present in i" raw and j" column.
0.2 Type of Matrix

1.

Example :

2.

Example :

3.

Example :

4.

Example :

Note :

Null matrix : If all the entries / elements of a matrix are zero, it is called as a null or zero

or void matrix and it is denoted by ‘O’.

000 0
000 0
000 0],

Row matrix : A matrix having a single row is called a row matrix.
[1 35 7
Column matrix : A matrix having a single column is called a column matrix.

1_
3
5
_7_ 4x1

Square matrix : If the number of rows is equal number of columns, matrix is known as

square matrix.

1 4 7
A=2 5 8
3.6 9],

A matrix is not a square matrix is called as rectangular matrix.

5. Diagonal matrix : A matrix having non diagonal elements are zero is called diagonal matrix.
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fa, 0 0 0 0]
0 a, 0 0 0
0 ay,
0 Ay
Example: L0 0 0 A Jnun

6. Scalar matrix : if the diagonal elements of the diagonal matrix are same then the matrix is

called as scalar matrix.

a 00@o0
[a]=]0 a 0

Example : 00 a

7. Unit matrix / scalar matrix :

A scalar matrix is said to be a unit matrix if all the elements in the leading diagonal are unity.

L=[1] L[ro 10 0
201 LL=(0 10
0

Example : 01

8.  Triangular matrix :
It is of two types
i) Lower Triangular matrix
ii) Upper Triangular matrix
Lower Triangular matrix : A square matrix (a;) is called a lower triangular matrix if a; = 0, i<ji..e
elements above the leading diagonal are zero.
100

3 50

Example : 72 4

Upper Triangular matrix : A square matrix (a;) is called an upper triangular matrix if a; = 0, i>j i.e.

elements below the leading diagonal are zeros.

S O =
S N =
W W A

Example :
0.3 Procedure to find Minor of a Matrix :

If we select any ‘r’ rows and ‘r' columns from a matrix A by deleting all other rows and columns,
then the determinant formed by these r x r elements is called minor of ‘A’ of order ‘r'.

A matrix ‘A’ having minors of same order

Example : 4x4

The different minors of order 3 of matrix ‘A’ are
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1 2 3 4 3
2 4 3 3 21 8
3 21 8 7 1

(deleting 4™ row a 4™ column)

3 2 1 2 30 4 3 2
6 8 7 4 3 2 2
2 4 3 2 1 3 8 7
And so on
1.1 Rank of Matrix
Definition :

A matrix is said to be of rank ‘r when it has at least one non-zero minor of order ‘r and every

minor of order higher than ‘r’ vanishes.
or

The rank of a matrix is the largest order of any non-vanishing minor of the matrix.

Rank of matrix ‘A’ is denoted as p(A)
Note :

1. Rank of a null matrix is equal to zero

Rank of a identity matrix is same as it’s order.

3. Rank of a unit matrix is same as its order.

4. Rank of matrix A and Rank of matrix AT are equal i.e. p(A)= P(AT)
1.2 Elementary transformation of a matrix
By an elementary transformation of matrix, the following operations are hold good.
1. Interchange of any two rows or columns.
2. The multiplication of any row or column by a nonzero number.
3. The addition of a constant multiple of the elements of any row or column to the
corresponding elements of any other row or column.
Notation :
(i) R, forinterchanging of i" row (R)) and j" rows (R))
(i) KR for multiplication of i row by k.
(i) R + KR, for addition of i" row with k times the j" row.
Note : Elementary transformations do not change either the order or rank of a matrix.
1.2.1 Working procedure for Evaluating Rank of a matrix
Step-1: Convert the given matrix to triangular matrix using elementary transformations.
or
Use row reduce echelon form of matrix.

Step-2: The no. of non zero rows is the rank of the matrix.
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I 2 3

1 4 2

Example : Find the Rank of 265
A=l1 2 3 R, >R,-R, [1 2 3]
1 4 2 ~ 0 2 -1
Ans. : Let 2 65 2.6 5
R,»>R;-2R;[1 2 3 R, >R, -R,[1 2 3]
~ 0 2 -1 ~ 0 2 -1
0 2 -1 0 0 0]

Hence, p(A)=2
A Consistency of Linear system of equation :

The system of ‘m’ linear equations with ‘n’ unknown X, X,, X; - - - X, are in the form of

Qu Xg A X+ A X + - - -+ ay, X,=by
Ay X1+ Axp X + A3 Xz + - - - + Ay, X, =b,
am1 X1 + am2 X2 + am3 X3 +---+ amn Xn=bn
a,;, a4, - - = = 4 W
Ay Ay T T T T Ay,
Where co-efficient matrix A= L&mi &m2 — — — ~ amnj
a11 a12 a‘IS a1n b1
a21 a22 a23 a2n b2
a31 a32 a33 a3n b3
. a a a . . a_|b
Where Augmented matrix K= L™m*  ~“m2  =m3 mn | =n

If the system of linear equation has a solutions. It is called as consistent system, otherwise the
system is called in consistent.

1.3 Rouches Theorem : The system of linear equations is consistent if and only if the co-efficient
matrix ‘A’ and the augmented matrix K are of the same rank otherwise the system is
inconsistent.

1.4 Working Procedure : To Test the consistency and find the solution.

Step-1: Express the given system of equation in matrix form.

Step-2:  Write the co-efficient matrix (A) and augmented matrix (K)
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Step-3 :  Convert the matrix ‘A’ and ‘K’ to a triangular matrix using elementary transformation

method.
Step-4: Determine p(A) and p (k)
Step-5:
Case -1 : If p(A) = p(k) = no. of variable then given system of equation is consistent i.e. having

unique solution.
Else if p(A) = p(K) < no. of variable the system having infinitely many solution.
Case-2: if p(A) # p(K), the given system of equation is inconsistent i.e. have no solution.
Step-6 : If the system is consistent convert the reduce matrix form to equation form and solve the
equation to find the solutions.
Example : 1 Test for consistency and solve.
5x+3y+7z=4
3x+26y+2z=9
7x+2y+10z=5

Solution :
Step-1: The given system of linear equation is of the form
5 3 7)V\(x 4
326 2||y|=|9
7 2 10)\z 5
5 3 7
3 26 2
Step-2: Where coefficient Matrix, A= \/ 2 10
5 3 7|4
3 26 29
And Augmented Matrix, K = 72 10[5
5 3 7|4
3 26 219
Step-3: K= 72 105
5 3 714 3R, = 15 9 2112
SR, -3R,
R, - 0 121 -11/33 5RL2 = 15 130 10|45
T l7 2 105
R 5 3 7|4
%
R, —12 0 11 -13
(To make 1¢ entry of 2™ row to zero) 72 105
5 3 7|4 7R, = 35 21 4928
_)
R, 7R,-5R,|0 11 -1|3 5R, = 35 10 50[25

7 11 =13
{5}



(To make 1% entry of 3" row to zero)

5 3 74

_)

R, R,-R,[0 11 —13
0 0 0[0

Step-4: Sop(A)=2andp(K)=2
Step-5: Since p (A) = p (K) =2 < no. unknowns (3). By Rouches theorem, the system is consistent

and have many solution.
5 3 7)\(x 4
3 11 —-1||y|=]|3
Step-6 : Hence the reduced matrix is 00 0)\z 0
Again converting to equation form (start with lowest row)
1MMy-z=3

=>1ly=z+3

111 (i) y in terms of z.
and 5x + 3y +7z =4

=5x=-3y-7z+4

3 7 4
S X=——Yy——Z+—
5 5
Putting the value of y,
3(z 3 7 4
X=——c| —+—|——2z2+—
511 11) 5 5
32 97,4
55 55 5 5
_—3z-77z (9-44
55 55
-80z 35
= + —
55 55
-16z 7
= + —
11 11
7 16 z 3

— 7, —+—,Z
The solutionis 11 11 11 11

For each value of z, there is a solution of the given system. In particular putting z =0

7 3

71710
(11 11 ) is a particular solution. Similarly by putting different value of z, we will get different solution.
Example : 2

Investigate the values of A & H so that equations
2x+3y+5z2=9
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7x+3y-2z=8
2x+ 3y +iz=H

Have (i) no solution (ii) a unique solution (iii) an infinite no. of solution.

Solution : Expressing the given system of linear equation to matrix form

2 3 5)\x 9 2 3

7 3 -2|y|=|8 7 3

2 3 Az 1) Here A = 2 3

2 3 5|9 2

%

7 3 -28 R, R,-R,|7
Now 2 3 Alu 0
Case-1

If A-5=0 and H-97#0

ie A=5 and H #9

Thus p(A) # p(K). So the system have no solution.
Case-2

If A—5#0ie A # 5, for all values of M.
p(A) =p(K) = 3 (no. of unknowns)

The system have unique solution.
Case-3

fA-5=0 and H-9=0

e A=5 and H=9

p(A) = p (K) = 2 < no. of unknowns.

The system have infinite no of solutions.

Important Question with Solution

1. Fin the rank of the matrix
3 -1 2
-6 2 4
-3 1 2
3 -1 2
A=|-6 2 4
Ans.: Step-1: Given matrix -3 12

Using elementary transformation, the matrix A becomes
3 -1 2 3 -1 2
—6 2 4|—R2RR 0 0 8
-3 1 2 -3 1 2
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A and k=
3 5 9

3 -2| 8

0 A-5u-9

2 3 5|9
7 3 -28
2 3 Alu



3 -1 2 3 -1 2
_RoReR 10 0 8|2 1o 0 8
0 0 4 0O 0 O
Which is a upper triangular matrix
Step-2 : Hence P (A)=2 (no. of non zero rows are 2).
2. Investigate for what values of A and M the simultaneous equation
X+y+z=6
X+ 2y +3z=10
X+2y+ Az=H

Have (a) no solution

(b) unique solution

(c) an infinite solution.
Solution :

Step-1 : Express given equation to matrix form .

11 1x 6

1 2 3|y|=]10

1 2 Az 1)

1 1 1] 1 1 1|6

1 2 3| K=[1 2 310
Where A= L2 }”—, 12 AMu

11 1|6 11 16
1 2 3[0|—L=2RR 50 1 24
K=|1 2 An 1 2 A

171 1 6 11 1 6
R;>R;-R, 0 1 2 4 R3=R3-Ry N 2 4
01 A-1u-6 0 1 A-3ju-10

Which is a upper triangular matrix.
Step-2: The matrix K has different cases
Case-l: IfA—-3=0and p—-10=0
=A=3 and p=10
Thus P(A)=2and P(K)=3
ie. P(A) # P(K)
So the system has no solution.
Case-ll: IfA-3#0and p—-10=0
=A#3 and un=10
Thus P (A) =3 = P(K)
So the system has unique solution.
Case-lll: If A—3=0and H-10=0
{8}



= A =3 and =10 Thus P(A)=2and P(K)=2
i.e P (A)= P(K)=2<no. of variable
So the system has infinite no. of solution.
3.  Test the consistency and solve
2x—-3y+7z=5
3x+y—-3z=13
2x + 194 — 47z = 32
Ans. : Step-1 : The given system is in the form of Ax =B
2 =3 7 |x 5
=3 1 =3 |y|=|13
2 19 47|z 32

2 -3 7 2 -3 7|5
3 1 -3 3 1 =313
Step2: WhereA=L2 19 —47] o [2 19 -47j32
Step-3:  Using elementary row transformation
2 -3 7|5 2 -3 7|5
301 =313 |20 11 -27]|11
K = 2 19 —-4732 2 19 —-4732
2 -3 7 |5 2 -3 7 |5
—RoRR S0 11 —2711 | —Re=2Re2Re 510 11 —27[11
0 22 -54\27 0O O 0 |5

Step-4: So, P(A)=2and P(K)=3
Step-5: Since P(A) # P (K)
So, by Rouche’s theorem, the system is in consistent, having no solution.
4.  Test the consistency and solve
5x+3y+7z=4
3x + 26y + 2z =9
7X+2y+10z=5
Solution :
Step —1: The given system of linear equation is in the form AX =B
5 3 7|x 4
3 26 2|y|=|9
7 2 10|z 5

Step-2: Where the co-efficient matrix

53 7
326 2
A=l7 2 10
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5 3 74
3 26 209

Augmented matrix K = 7 2 105

Step-3: To convert ‘K’ in to upper triangular matrix using elementary transformation.

5 3 74 (5 3 7|4

3 26 29| —R2SReR 0 121 -11)33

k=7 2 105 7 2 1015
[5 3 7|4 [5 3 714
ROSRTR 10 121 —11/33 |—R2RatRe 510 121 —11[33
{o -11 1 |-3 0 0 010

Step-4: So, P(A)=2and P(K)=2
Step-5: Since P(A) = P (K) = 2 < no. of variable
So by Rouches theorem, the system is consistent and having infinitely many solution.
5 3 7 || x 4
0 121 -11||y|=|33
Step-6 : 0 O 0 ||z 0

By using matrix multiplication method. We have
5x+3y+7z2=4,121y — 11z = 33,
= 11(11y—-2z) =33
= 1M1My-z=3
= 1y=3+z
= 3+z
y= 11
3 z
y= 11 11 —(1)
Putting equation (1) in5x+ 3y +7z=4

=
5x+3 i+£ +7z=4
11 11

=
5x+g+%+7z=4
11 11

= 9+3z+77z
5X+T:

=
SX=4_802+9
11

= 44-80z-9
Sx=— 27
11
= 35-80z
55
= 35 80z

55 55

4
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11 11
7 162 3z,
So, solutionis 11 11 11 11’ for each value of z, there is a solution, of the given equation.

()
In particular z= 0 \11" 11"/ is a particular solution.
Similarly for different value’s of z, we get different solution.
5.  Show thatif A #— 5, the system of equation

3Xx —y+4z=3

X+2y—-3z2=-2

6x+5y+Az=-3

Have a unique solution, if A = — 5 show that the equation are consistent and determine the
solution is each cash.

Ans.: The given system of linear equation is of the form AX =B
Step -1:
=13 -1 4 ][x 3
1 2 -3||ly|=|-2
6 5 A ||z -3
Step -2: Where the co-efficient matrix

3 -1 4
1 2 -3
A=|6 5 &
3 -1 413
1 2 -3-2
and Augmented matrix K=16 > |3
Step-3 : (To convert K matrix into upper triangular matrix using elementary transformation)
3 -1 413 3 -1 413
1 2 -3-2|—22RR 50 7 -13]-9
K = 6 5 A|-3 6 5 A -3
3 -1 4 |3 3 -1 4 |3
R;—>R3-2R; 0 7 -131-9 R;—>R;-R, 0 7 -13|-9
0 7 A-8-9 0 0 A+5/0
Step-4: It has two cases
Case-l: IfA+5=0= A =-5

So, P(A)=2and P(K)=2

So, P(A) =P (K) = 2 < no. of variable

So by Rouches theorem, the system inconsistent and having infinite solution.
Case-ll: IfA+5#0=> A # -5

So P(A)=3and P(K)=3

Since P (A) = P (K) = no of variable

So by Ruches theorem, the system is consistent and have a unique solution.
Step-5: To find solution for case-|
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3 -1 4 X 3
0 7 -13||y|=|-9
0 0 0 z 0
By using matrix multiplication method, we get

3Xx—-y+4z=3, 7y—13z=-9
3Xx—-y+4z=3 = 7y=-9+13z
= _ = -9 13
3x - —9+22 =3-4z —+-z
7 7 y = 7 7
=
7
3x=3-2 4122 4
7
= 21-9+13z-28z
3x =
7
= 12-15z 4 5
_— =>X==——-=Z
3x = 7 7 7
4 5z -9 13

-, —+—1z, z

5

Sothe solutionis 7 7 7 7
To find solution for case-2

3 -1 4 1[x] [3
0 7 -13||yl=|-9
0 0 A+5||z| |0

By using matrix multiplication method, we have
3x—-y+4z=3, 7y —-13z=-09, (A

+5)z=0
= 7y-13z=-9 = z=

0

= 7
6. For what values of K, the equation
X+y+z=1
2x+y+4z=K
4x +y + 10z = K?
Have a solution and solve them completely in each cases.
Solution :
Step-1: The given system of linear equation is of the form AX =B

11 17[x] [1
2 1 4||y|=|K
4 1 10| |z| |K?
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I 1 1
21 4
Step-2: Co efficient matrix A = 4 110
11 1|1
2 1 4|K
2
And Augmented matrix K = 4 1 10K
11 1|1 I 1 1] 1
2 1 4|K |22y -1 2|K-2
2 2
Step-3: K= 4 1 10K 4 1 10/ K
1T 1 1 1 1 1 1 1
_ReoORHR ) -1 2|K=2 |—Re2Re8Re Sl 21 2| K=2
0 -3 6K*-4 0 0 OK?-3K+2
Step-4 : Since the given system has a solution.
p(A) = p (K)
= K2-3K+2=0
= (K-2)(K-1)=0
= K=2/1
ForK=2
I 1 1 1
0 -1 2 K-=2
0 0 OK*-3K+2
1 1 1)1
0 -1 2/0
_10 0 00
-+ Solution of the system
1 1 1][x 1
0 -1 2||y|=|0
0 0 0|z 0
By using matrix multiplication method we have
X+y+z=1, - y+2z=0,
= x+2z+z=1 = 2z=y
= x+3z=1
= x=1-3z
So solution is (1 — 3z, 2z, z)
ForK=1
1 1 1|x 1
0 -1 2|yl|=|-1
0 0 0fz 0
X+y+z=1, —y+2z=-1,

= x+t2z+1+z=1
= x+3z=0
= x=-3z
So solution is (- 3z, 1 + 2z, z)
In particular z = 0 solution is (0, 1, 0)
{13}
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Chapter-3

Linear differential equation

3.1 Linear differential equation with constant coefficient
Definition : Linear differential equation is an equation in which the dependent variable and its
derivatives occur only in first degree and are not multiplied together.

General equation of order ‘n’ is of the form

dny dn—1y
+ +...+ =X
ax" P ax Py =2 (i)

Where ps, p. .... p. are all constant coefficients and ‘X’ is a function of x or zero. Such differential

equations are most important in the study of electro mechanical vibration and other Engineering

problems.
Operator ‘D’
‘D’ denotes the differential operator
2 3
pod g o &
ie. dx dx dx

2 3

ie Dy = g_i D%y - STZ Dy - STZ and .. So on.
Using these notations, equation (i) becomes

Dy+P,D"y+P,D?y+....+Py=X

= (D+P, D" +P, D"+ ... +P)y=X

= FD)y=X.oooerrennn. (1)
Where f(D) = D" + P,D™" +...+ P, which is a polynomial in D
Thus the symbol ‘D’ stands for the operation of differentiation and can be treated as an algebraic
quantity i.e. f(D) can be factorised by ordinary rules of algebra and the factors may be taken in order
such as D* + D? + D + constant.
Types of linear differential equation (L.D.E)

The linear differential equation (i)

n n-1 n-2
jx)”l :x”‘}: P gx“‘g

are of two types i.e. (A) Homogeneous L. D. E.

+P, +...+Py=X

(B) Non-homogeneous L. D. E.
(A) Homogeneous linear differential equation

The linear differential equation (i) is said to be homogeneous linear differential equation if

X=0
So equation (i) becomes
dny dn—‘ly

an +P1 W'Fpny = O
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(B) Non homogeneous linear differential equation :-
The linear D.E. (i) is said to be non-homogeneous, if X # 0 i.e.
dny dn—1y
ie. dx" dx™"

+P, +P, +...+Py=X x=#0

3.2 General solution of linear equation in terms of C.F. & P.l

The general solution of L.D.E is
C.S=C. F + P. | where C.F— complimentary function.
P. I. - particular integral
C. S - complete solution
3.3 : Solution of homogeneous linear differential equation
The solution of homogeneous linear differential equation
dny dn—1y
dx" dx"”’

Is called as complimentary function (C.F.) and it is denoted as ‘y.’

+P,

In this case C.S. =C.F as there is no P.I.

To solve the equation (ii)

o
Applying Operator ‘D’, dx

= (D"+P.D™ + .. .+P)y =0

= (D" +PD™ + . 4P) =0 oo, (i)

Which is called auxiliary equation (A.E) or characteristic equation.

Now solving equation (iii) we obtain different values of D which are known as roots of the

auxiliary equation Let D = m,, m,, m; .... m, be roots of A.E.

Then solution is y = C&™" +C,e™ + Cee™ +.....C ™

Working procedure to find solution of homogeneous differential equation.
Step-1: Convert the given equation into ‘D’ operator form.

Step-2: Make the equation in the form of f(D) y = 0

Step-3:  Find the roots of the auxiliary equation f(D) =0

Step-4: Take the value of D as m;, m; ... and so on.

There are 4 cases

Case-l : (Roots are real and distinct)

Lettherootsarem, # m, # ms .....
y=C,e™ +C,e™ +Cue™ +....
Case-ll : (Roots are real and equal)

a) If the two roots are equal i.e m;=m,, ms .....

mX

Y. =(Ccq+Cx)e™™ +ce™ 4.
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b) If three roots are equal m; =m,=m,;, m, ...

myx

Yo =(Cq +CoX +Cyx% )™ +c,e™
Case-lll : (If roots are complex) like (M = o £pi), m
y. = € [Acospx +Bsinpx]+c,e™ +

Case-IV : (Roots are complex and repeated) like m, = m, = @i, m,

Then y, = e™[(cy +cyx)cosPx +(c; + ¢, x)sinpx] , C ™

2
d——de+6y=O
Example : Solve dx*  dx
4y s 60

Solution : given D.E is dx>  dx
Step-1 : Above equation in symbolic form D*y — 5Dy + 6y =0
Step-2: (D*-5D+6)y=0
Step-3 : The A.E equation is
D*-5D+6=0
=~ D*-3D-2D+6=0 = D([D-3)-2(D-3)=0
= (D-3)(D-2)=0 = D=3,2
Step-4 : Here m, = 3, m, = 2 (Roots are real and distinct)
Ty, =c e+ e
Where ¢, and c, are arbitrary constants.

Example - 2

2
Y, 6Y 0y-0
Solve dt dt

d2 L6 dy
Solution : The given D.E. is d o dt

+9y=0

Step-1: Above equation can be written in symbolic form,
D% + 6Dy +9y =0

Step-2 : (D*+6D +9)y=0

Step-3 : The AE.isD*+6D+9=0
= (D+3p =0
= D=-3,-3

Step-4 : Here m, = m, =- 3 (Real and repeated roots)
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. yc = (C1 + Czt) e -3t
Where ¢, and c, are arbitrary constants.

Example-3

d?y
—+y=0
Solve dx? y

2
Solution : The given D.E. is dTZJr y=0
Step-1: Above equation can be written in symbolic form, D>y +y =0
Step-2: = (D*+1)y=0
Step-3: TheA. EisD*+1=0
= D?=-1
= D=+i=0%i
Step-4: Herem= 0%i (Imaginary roots) (i.e.a=0 & p=1)
“y. = e (A cos x + B sin x)
= y.=Acos x + B sinx
Where A & B are arbitrary constants.
Example - 4
Solve (D*-2D +4)*y =0
Solution :
Step-1: ThegivenD.E.is (D*—2D +4)?y=0
Step-2: TheA.Eis
(D*—2D +4)*=0
= D?*-2D+4=0

—b++/b*—4ac

D= 2a
_2+J4-4x4  2+4-12
2 2
242i3 =1+4/3i, 1+/3i
= 2
Step -3 :
Smy=m, —1+4/3i
Here a=1, [3=\/§

Y. = e"[(c1 +¢,X)cos~/3x +(c, +c4x)sin\/§x]

Where c,, ¢, Cs, C, are arbitrary constant.

Solution of Non-hamogeneous linear dliff. Equation
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The solution of non-homogeneous diff. equation is known as complete solution which is written as
y=C.F+P.
ory=y.+y,

Note : The C. F. (Y¢) may be obtained as explained in 2.2. (A).

3.3 Rules of find Particular Integral (P.I)

Definition : The non-homogeneous linear differential equation is

n n-1
(d y +P1u+...+PnyJ=X
dx"

an—']

= (D, +P,D"+...+P)y=X
= fDy=X
= 1

y=o5X
f(D) , [which resulting the function of x not containing arbitrary constant which when

( >{LX}=X
operated upon by f(D) gives X, i.e. f(D) ]
= 1
ie P.I=f(D)
There are different cases to find P.l depending upon ‘X’
Case-1: When X =e>
I
—e
y,=P.I=f(D)  putD=ainf(D)
1
—e

theny, = f(a) , Provided f(a)=0

If f(a) = 0, Rule fails

Then find f' (D) (1 derivative of f(D) ) and put D = ain f' (D)

1 f'(@a)=0
Theny,=X f'(@) , Provided
Again if f* (a) = 0, Rule fails, then find f” (D) (Second derivative of f(D))
x? ,,Leax, provided f"(a) = 0

andy= f(a) and so on.

Case-ll :

When X = Sin (ax + b) or Cos (ax+b)

1 . [Here f(D?) means it may contains the term
>-Sin(ax +b) _
y,=P.I= f(D?) or cos(ax+b) D2 and higher order than D? and lower order
Put D? = — a? in f(D?) of D]
If f(—a?) #0
sin(ax +b)

Theny, = f(-a’)
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If f(-a?) = 0, Rule fails, then find f' (D?) (1¢ derivative of f(D) ) and put D? = —a?in f' (D?)
....... If f* (—a?) #0 then

X sin(ax +b
Y, = f’(—32 ( )
Again if f' (-a?) = 0, Rule fails
" 2
x? ———sin(ax +b) f'(-a”)#0
Theiry,=  f'(-a%) ; provided and so on
Case-lll : When X = x™ (i.€.X, X%, X tvuiuvuennnnns )
1
_Xm — [f(D)]—IXm
y,=P.I= f(D)

Convert f(D) into {1+¢(D)} or {1—¢(D)}(If possible) and then by using Binomial theorem we

find solution.

Note : Applying Binomial expansion on [f(D)]f1
(1+D) '= (1-D+D>-~D*+ D*...)
(1-D) '= (1+D+D*+ D*...)
To find y, refer Q.4 (Imp. Question)

Case-lV : When X = e®.V, V being a function of X.
N AT S
y, = f(D) f(D) f(D+a)
1

to find y, operate f(D+a) on V by using previous rule.
Working Procedure for solving linear differential equation
Step-1:  Write the given homogeneous differential equation.
Write A.E
Step-2 : Solve it for D and find the roots.
Step-3: Find C.F. ory..
Step-4 : Find P.l or y,.
Step-5 : Complete solutiony =C. F + P.I
ory=y.+y,
Example-5
Solve (D*+5D +6)y = e~
Solution : Step-1
Given differential equation is
(D*+5D +6)y =¢*

To find C.F

The homogeneous part of given differential equation is
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(D*+5D+6)y=0

= D?2+5D+6=0

Which is a auxiliary equation.

Step-2
D2+5D+6=0
= D?+3D+2D+6=0
= D(D+3) + 2(D+3) =0
= (D+3) + (D+2)=0
= D+3=0, D+2=0

= D=-3,-2
Step-3

C.F=y.=Cie™+ Ce™>
Step-4

To find particular integral (P.l)

1
Pl= Yo = (D2+5D+6)

X

T x_ 1 x

Puttinga =1 in place D = me Ee
Step-5

Hence the complete solution is

[

Y=y ty,=Ce™+ Co®+ 12° (Ans.)
Example-6

Find P.l of (D+2) (D —1)? y =+ 2 sin hx

Solution : Given differential equation is

(D+2) (D —1)*y =e® + 2 sin hx

= 1

= —Z(e‘zx +23inhx)
P|:yp: (D+2)(D—1)

1 ( ox e’ —e"J
= J € +2
(D+2)(D-1)* 2

! (e_2X +e —e‘X)

T (D+2)(D-1)°

1 Sax 1 1 “2x
(D+2)D-1° "  (D+2) '[(1)—1)2 < }

1 { 1 ZX}
= .€
D+2| (=2-1)°
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-2x 1 —
e ( d—D(D+2)_1]

—

o1 [,
O+2)D- 12 (-1 {<D+2)'e }

1 1 .
=—.——&
(D-1?2 (1+2)
1 21 X d2
=X e D-17?=2
3 2 ( dDZ( ) j
_x2eX
6
1 . 1 x
(D+2)(D-1)? (-1+2)(=1-1)?
_e_x
4
2 . —X —X
pl=Xex X€ €
9 6 4

Example-7 : Solve Y"+4Y'+ 4y = 3 sin x + 4 cos x
Solution : Step-1 Given equation in symbolic form is (D? + 4D + 4)y = 3 sin x + 4 cos X
Step-2 : To find C.F
The homogeneous part of given differential equation is
(D?+4D +4)y =0
Step-3:(D*+4D +4)=0

= (D+222=0 (Repeated twice)

= D=-2,-2
Step-4:Herem;=-2, m,=-2
Step-5:y.=(C, + Cx) e*
Step-6 : To find particular integral

=;(33inx+4cosx)

y,= D?+4D+4

P :;(BSinx+4cosx)

Step-7 : D? +4D +4

= ;(SSinx+4cosx)

~12 +4D+4

= (3sinx + 4 cos) o ) )
4D +3 By multiplying (4D — 3) both in Numerator and Denominator.
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4D -3

= (3sinx +4cosx)
(4D +3)(4D -3)

=L2_3(3sinx+4cosx)
16D“ -9

= L2_3(35inx+4cosx)
16(-12)—9

=M(3sinx+4cosx)
25

- ;—51[4D(3 sinx +4cosx)—3(3sinx + 4 cos x)|
:—%(12008X+16(—SinX)—98inX—1ZCOSX)

= —i(—25sinx) =sinXx
25

Step-8 : So the complete solution is
Y=Yt VYe
=(C,+ Cx) e* +sin x
Example-8

Find P.| of (D? + 6D + 3)y = &>

— 1 2x
Solution: P.1 D?+6D+3’
F(D)=D?+6D +3
Put D=2, F(2) =22+ 6.2+ 3 =19#0
1 e2x

2x

iAo ial ~
2246.2+3 19

~Pl=

Example-9
3 2
d—g—3d—32/+4d—y—2y=eX +COS X
Solve dx dx dx
Solution :
Step-1: GivenD.E is

3 2
d—Z— d—32l+4d—y—2y=eX +COS X
dx dx dx
In symbolic form,
D% — 3D% +4Dy — 2y = e* + cos X

= (D*-3D?+4D-2)y =e* + cosx

Step-2 : To find C.F.

The homogeneous part of given differential equation is

{9}
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= (D*-3D?+4D-2)y=0

Step-3: The AE is
D*-3D?*+4D-2=0
= D*-D?-2D*+2D+2D-2=0
=-D*(D-1)-2D(D-1)+2(D-1)=0
—({D-1)(D*-2D+2)=0
—“D-1=00rD*-2D+2=0

= 2+J-4 242
D=1,D= 2 2
N

=1+i
Step-4 : Herem; =1, m, = 1+i

¥, = C1€* + € (C, COS X + C; SiN X)
Step-5:TofindP. I

1

= e* +cosx
D3—3D2+4D—2( )

Yo
1 . 1
e’ +
= D®-3D2+4D-2 D®-3D%?+4D-2
1 . 1
x——ir——————e + 3 2
= 3D?’-6D+4 D?D-3D%?+4D-2
1 . 1
X, ———e" +
= 3.1°-6.1+4 -1?D-3(-1?)+4D-2

COsS X

COS X

COos X

xe*

+
= 1 -D+3+4D-2

COS X

X

xe” +
= 3D +1

N 3D -1
xe" + COS X
= (3D +1)(3D-1)

Cos X

. 3D-1

xe" + ——
= 9D? —1
. 3D-1

xXxe" +—C
= 9(-1%)-1

COS X

0S X

«  3D-1
xe” +

COS X

e 3D -1

e + COs X

_xe* - % {3D(cos x) —1.cos x}

xe’” —i{—3sinx—cosx}
= 10
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xe* +isinx+icosx
= 10 10

Step-6
Hence the general solution is
Y=Yc+Yp

, 3 . 1
_c,e* +e*(c, cosx +cysinx) + xe* +Esmx+ﬁcosx

Example-10
Find the P.I of (D® + 1)y = e*cosx + sin3x

{e" CcosS X +sin 3x}

Solution : P.I = D® +1

3 e*cosx + sin3x
=D +1 D° +1
N 1 .
e —scosx+2—sm3x
= (D+1)° +1 (-3)°.D+1
X 1 .
e — 5 COS X + sin3x
= D° +3D°“+3D+2 -9D +1
X 1 1+9D

n3x

e COS X + Si
= (—12).D+3(—12)+3D+2 (1-9D)(1+9D)

« 1 1+9D .
e COS X+ ———5Sin3x
= -D-3+3D+2 (1—81D2
« 1 1+ 9D .
e ———CcosSX+——sin3x
- 2D-1 1-81(-32%)
« 2D +1

sin3x

e COS X +
= (2D-1)(2D+1) 1+729

« (2D +1)
e
= 4D? -1

« 2D+1
e .
= 4(-1*)-1

COSX + L(sin 3x+9Dsin3x)
730

COS X + L(sin 3x + 27 cos 3x)
730

X

e

(2D +1)cos X + —— (sin3x + 27 cos 3)
730

X
e—5(2D COS X + COS X) + %(Sin 3Xx + 27 cos 3x)

X

Pl=-5

(—2sinx +cosx) + Lo(sin 3x + 27 cos 3x)

Example-11

2
d—g + 9y = xcos X
Solve dx
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Solution : Step-1
GivenD. E is

j% + 9y = XCcos x

In symbolic form, D% + 9y = x cos X
Step-2 = (D*+9)y = x cos x
Step-3 To find C.F.

The homogeneous part is (D? + 9)y =0

AE.is(D*+9)=0

= D2=-9

= D=43i=0=3i
Step-4 Here m=0=3i

"y, = e [c, cos3x + ¢, sin3x ]

= C; COS3X + C, Sin3x

Step-5 To find P.I

Yo = xcosx

D?

} We know that e* =cos x + i sinx.

Here Real part {€*} = Re {e*} = cosx

And Imaginary part {€*} = Im {e*} = sinx
d +i)? }

ol
{
e
|

Il
Py

e

(D

D24+2iD+8 }

Re{e™

8+D2+2|D }

=Re!ée' X

=Req{—

{12}



e*|  D2+2Di (D?+2Di)
=Re{—|1- + —...|x
8 8 8

(Ignoring higher order derivatives for x)

ix X
_RelX€” e
8 32
_Re) X" | _Rolie
8 32
zgRe{eix}_iRe{ieix} ( ie‘x=i(cosx+isinx)=icosx—sinx=—sinx+icosx)
X 1 .
=—C0SX — —(—sinx)
8 32
_y o Xcosx sinx
Yo 8 32

Hence the general solution is
y=C.F.+P.

XCOSX Ssinx

32

_ Cycos3x+C,sin3x +

{13}



Partial Differential Equation

3.4 Define partial differential Equation
The differential equation in which more than one independent variable involves is called as partial
differential equation.

Z = f(x, y), Here x, y are two independedent variable and z is dependent variable.

o0z o0z _0°z 09’z

~ — M — a_=r1_:t
x 7 oy ox? oy®
0’z _ 0"z _

OX.0y  0y.0X

Order : The ‘order’ of a partial differential equation is the order of highest partial derivatives in the
equation.

Degree : Highest power of order of the partial differential equation is the ‘degree’ of partial differential

equation.
Example :
@ + @ =0
i) oX oy

u u 1 éu

iy o T e
3.5 Formationofa.P.D.E
Letf(x,y,z,a,b)=0........c.ccinis (i)
From equation (i) eliminating both arbitrary constant and arbitrary function, we get partial differential
equation.
Example : Form the partial differential equation by eliminating arbitrary constant.
Z=ax+by+a’+b?
Ans.:z=ax+by+a*+b’................... (i)

Differentiating partially to equation (i) with respect to x,

a2 _ a =—=p=a

oX

Differentiating partially to equation (i) w.r. to y, we have
% =b =q=b

oy

z=ax + by + a?+ b?

=px+qy+p*+o

Example : Form the partial differential equation by eliminating arbitrary constant.
X2 2
—+

%S

2z =

O]
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Ans : a?

2
X
2z =—

Differentiating partially both sides w.r.t x, to equation (i)

L0z _2x

10z 1
— 02 _

OoX a

2

0z X

ox  a’

X ox a’

Differentiating partially both sides w.r.t y to equation (i)
5 oz _2y

oy b?

oz Yy

= — =
oy b?

= 2z = Xp+Yq which is the required equation.

Example :

Form differential equation z = f(x* — y?)

Solution : Given z = f(x? — y?)

Differentiating partially w.r.t. x, equation (1),

@
OX

of(x* —y?)
OX

2 _ 2xf'(x* —y?)
OX

Differentiating partially w.r.t, y, equation (1),
0z

0
=—f(x*-y?)

oy oy

=q=-2y"'(x*=y?) . (3)

Dividing equation (2) by (3), we get

P_

q

2xf'(x? —y?)
- 2yf'(x* —y?)
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=Yyp=-Xq
= yp + xg = 0 which is the required equation.
Example :
Form differential equation z = f(x+at) + g (x — at)
Solution : Givenz=f(x+at)+g(x—at) ..................... (1)
Differentiating partially w.r.t. x, equation (1),
% _fi(x+at)+g/(x—at)
Again differentiating partially w.r.t. X,

2
%§:J“X+a0+gqx_m) ...................... 2)
Differentiating partially w.r.t. t, equation (1),

%Z =af'(x+at)—a g'(x—at)

Again differentiating partially w.r.t t,

azz 2¢n 2 "
a?:a f"(x+at)+a“ g'(x—at)

=a’[f"(x +at)+g'(x —at)]

From (2) & (3)

ot ox*

Which is the required solution.

3.6 Linear Equation of First Order :

A linear partial differential equation of the first order, commonly known as Lagrange’s linear equation

is of the form,

Where P, Q and R are function of x, y and z. When P, Q and R are independent of Z, it is known as
linear equation.

Such a equation is obtained by an arbitrary function ¢ from ®(t.v)=0 Where u and vV are some
functions of x, y, z.

Differentiate (2) partially w.r.t x and y.

8¢(8u ou 8¢(8v ov j
—| —+—p|+—| —+—p|=0
ou\ox oz ov\ox oz

@ 6_u+@q +@ 6_V+6_Vq =0
ou\oy o0z ovioy oz
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P %
Eliminating du and 0V , we get
ou ou ov 0Ov

oX 0z oX 0z ~0
ou ou ov ov |

oy oz g oy oy g
After simplification,

(a_u v _au a_v] (o aa)

oy 6z 0z oy 0z oXx OX oz
v oy
OX Oy OY OX . oo, (3)

Now suppose u= a, Y = b where a, b are constants so that

@.dx +@.dy+a—u.dz =0
oX oy o0z

=du=0

@dx +6—de +@.dz =0

oX oy 0z

=dv=0

By cross multiplication, we have

dx B dy B dz
oudv Oudv oOudv oudv Ou dv  Ou ov

dyoz 0zody 0zox oOxoz OX dy Oy Ox

_dx_dy_dz

P Q R isthe subsidiary equation.
The solution of these equationareu=aand vV =b
S 0(U,v)=0is the required solution of equation (1)
Algorithim :
Step-1 : To form our problem into Pp + Qg = R.
Step-2 : Form the subsidiary equation

dx dy dz

P Q R
Step-3 : Choose multipliers P, Q,R" and P",Q",R"
in such away PP'+QQ'+RR’' =0
and PP"+QQ"+RR"=0
Step-4 :
IP'dx +IQ'dy + IR’dz =C
=u(X,y.z)=C ... (1)
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IP”dx +IQ”dy + jR"dz =C

Combining equation (1) and (2) we get desired result.
Example-1

Solve x* (y — z)p + y* (z — x)q =z*(x — )
Solution :
Step-1: Given D. E is

XAy —-z)p +y* (z—X)q =z¥(x—Y)

Which is of the form Pp + Qg =R
Step-2 :Subsidiary Equations are

dx  dy  dz

xX(y-z) y*z-x) Z*(x-y)

Step-3:HereP=x*(y-2z); Q=y* (z—-Xx); R=2*(x—y)

P’,Q",R"as 1
Choose multiplier X

11
y z

1 1
202

P",Q",R"as
Choose multiplier Xy z
1dx+1dy+1dz =0
Step-4: X y z

:J‘%dx+J.%dy+J‘%dz=C

= logx+logy +logz=C

=logxyz=C

idx+

idy + ldz =0
Similarly X*  y* ~ z

Iizdx+ji2dy+'|.i2dz=k
Integrating = X y z

Combining equation (1) and (2) we get our desire result.
f(xyz,l+1+1) =0
X z

Example : Solve pyz + qzx = xy
Step-1: Given D.E. is
Pyz + qzx = xy
{18}



Which is of the form Pp + Qq =R
Step-2 : Subsidiary equations are

dx _dy _dz
yz zx Xy

dx _dy
Step-3 : Here Y2 ZX

_ dx _dy
Yy X

= xdx = ydy

On integration, this yields,

dex = J.ydy

dy _dz
Again ZX Xy

L dy_dz
z y

Ydy=zdz

On integration, this yields,

Iydyzfzdz

Combining (1) and (2), we get the desire result, f(x* —y? y*—2?) =0
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Long Type Question with answer of ODE

3
| Y 4 Y _ginox
1. Find P.l of dx dx

3
_ _ d_33/ + 4d_y =sin2x
Solution : Given D.E. is dx dx
In symbolic form D%y + 4Dy = sin2x
= (D® + 4D)y = sin2x
————sin2x
P.l=D"+4D
F(D)=D®+4D, PutD?*=-2a?
F(-a*=D?=D(-2°)+4D=-4D+4D=0

1 .
=x2—sm2x
3D +4

=X————Sin2x
3(—22)+4

_ xsin2x _ xsin2x
-12+4 -8
Q2. Solve : (D? + 4D + 3)y=e* sinx + xe*
Ans. : Given D.E is

(D? + 4D + 3)y = e™ sinx + xe*

The general solution of given D.E is
Y=Yt Yo

To find Y. or C. F.
The A.E is
D2+4D+3=0
—D*+3D+D+3=0
—DMD+3)+1(D+3)=0
—~([D+3)+(D+1)=0

=D=-3,-1
Hence y. = ¢, e + c,e™
To find vy,

1
y,= D +4D +3
1 . 1 3
=2—e smx+2—xe

D*+4D+3 D“+4D+3

—e* - ! sinx +e* . ! X
(D-1)*+4D-1)+3 (D+3)+4(D+3)+3

e 1 sinx + e 1 X
D?-2D+1+4D-4+3 D?+6D+9+4D+12+3

=e 21 sinx+e3X2;x
D +2D D° +10D + 24

[e”‘ sinx + xe3"]
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1 X
D2+10D}

=e’xﬁsinx+e3X
—1+

241+
24

v D+t e™[ D?+10D 4X
(2D—1)(2D +1) 24 24

 2D+1 . e D? +10D
=e 5 sinX + 1-———|x
4D“ -1 24 24

« 2D+1 e
=e sinx + —[x
4(-1)-1 24

_10
24

]

-X 3x
=8 (2D+ﬂﬂnx+e x—ji
5 24

=X

3x
_®  (2Dsinx+sinx)+ S [x—>
5 24 7 12

-X 3x 5

2CcosSX +sinx)+ — (X ——
—5( ) 24( 12)

Hence the complete solution is

—X

) ., e
y=Yy,+Y,=Ce ¥ +c,e+

Q3. Solve (D*+4)y = e*sin?x

Solution : The given D.E is

Ye

(D? + 4)y = e*sin?*x

The general solution is
Y=Yt Yo

Tofind Y.

The A.E.

D?+4=0

=>D2 =—
=D =0*2i

"y, = e [c; cos 2x + ¢, sin 2x]

=Y, = C,C0S 2X + C,Ssin 2X

(2cosx +sinx)+

e 5
X__
24( 12)

« .2 XF—cost}
3 e " sin” x= 5 e
= D“+4 D +4 2
:1%[6X—GXCOSZX] 1 21 ex—1 5 e” cos 2x
2D? +4 =2D’+4  2D’+4
1 e 1 o ¢ _¢ L cos 2x

et e 1

- - c0s2X
=10 2 -4+2D+5

eX eX eX

- - COS2X ———
=10 2 2D+1 =10
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21°+4 2 (D+1)°+4

-10 2 (D’ +2D+5)

X X

e e

) COS 2X
=10 2 2D+1

e’ 2D-1

.————C0S 2X
2 4D° -1




e e 2D-1 e e 2D-1

————.——>——C082X ————. COs 2X
=10 2 4(-2°)-1 =10 2 -16-1
e* e 2D-1
— COSs 2X
=10 2 -17
€+ L [2D{cos2x}-cos2x]
=10 34
e—+e—[—4sin2x—0032x]
=10 34
Hence the general solution is
Yy=YetYe
. e’ e .
C,C0S2X +C, SiN2X + — + — (-4 sin2x — cos 2x)
= 10 34
Q4. Solve (D?*+2D+2)y = sin 2t
Ans. Given D.E is
(D?+2D+2)y =sin 2t ..ovviiiiiieeean, (i)
The general solutionof given D.E. isy = y.t+y,
To find y.
The A. E. of Equation (i) is
D*+2D+2 =0
= —2++/22-4.2.1
D= 2.1
—-2++4-8
= 2
—2+N-4 -2+2i
= 2 2
= D= -1+i
Hence Y. = e'[Cicost+C,sint]
To find y:
——————Ssin2t= ;sinZt
Yo= D°+2D+2 -4+2D+2 (Put D? = -a?=-4)
sin2t
=2D-2
1_ D1 oot
=2(D-1)D+1)
1¥sin 2t
= 2D" -1
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1 D+1
=2-4-1

sin2t

1 (D+1sin2t
_ 2(-5)

—i(Dsin2t+sin2t) —1(20032t+sin2t)
10 = 10

Hence the general solution of given D.E. isy = y.+ys

- i(2 cos 2t + sin2t)
= e'[c, cost+c,sint] 10

dy +n®y =kcos(nt+a)
Q5. Solve dt?
2
_ _ d—Z+n2y:kcos(nt+oc) _
Ans. GivenD.E.is dt*  ° T (i)

The general solution is y = yc+ys
Y: The symbolic form of equation (i) is
D% + n% =k cos (nt+ Q)

= (D*+n?y =k cos (nt+ &)

To find y.
The A. E. is D*n?=0
= D*=-n?

= D=0 *ni

Yc=¢€e"[Cicosnt+C,sinnt] = C, costnt+C, sin nt
To find y:
kcos(nt+ o
Y,= D*+n? ( )

1 kt
_ kt.ﬁcos(nna) ) Ej'cos(ntJra)dt

Here F(D) = D? +n?
Putting D?=-n? F(D)=-n*+n*=0
So F(D)=2D
kt
- chos(nt+a)dt _

kt sin(nt+a) _ ﬁsin(nt +a)
2 n 2n

kt a
Hence the general solution is y = ys+y, =C, cos nt + C, sin nt + 2nsin (nt+ )
P.D.E.

Long Questions with Answer
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Q1. Solve x*(y-z)P + y*(z-x)q = z*(x-y)
Solution

X(y-z)P + y¥(z-x)q = z*(x-y)

Given question is of the form of Pp+Qqg = R

It's subsidiary equations are

dx  dy  dz
X*(y-2) y'(y-x) Z'(x-y)

Here P = x’(y-z), Q=y*(z-x), R=zZ*(x-y)

ol gl gt
Let X y Z
Then PP'+QQ'+RR'

1 1 1

x2(y-2z)—+Yy*(z—X).—+Z*(x-y).—
= X y z
= X(y-z) + y(z-X) + z(x-y)
=Xy—Xz+yz—-xy+zx—-yz=0

Hence P'dx+Q'dy +R'dz =0 js integrable

1dx+1dy+1dz =0
X y z

On integration,

1 1 1
j;dx+.|.§dy+'[zdz = '[0
= logx + logy + log z = logC;

= log(xyz) = logC,
= XYZ=Ci i (i)

Again let x?’ y z
Then PP"+QQ"+RR"

1 1 1
X2(y-2).— + Y3 (z-X).— +Z*(X—y).—
- X y z

=y—z+z—-x+x-y=0
Hence P"dx+Q"dy +R"dz = g js integrable.
= 1 1 1
—dx+—dy+—dz=0
X2 y2 y 22

On integration

I%dx+j%dy+.[z—12dz :.[0
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f(xyz, —+—+—]=0 xyz:f[—+—+_J
Hence from (1) & (2), the complete solution is X'y Z or X 'y z
Q2 Solve X(y* —z*)P+y(z* —x*)g—z(x* -y*)=0
Ans. X(y*=2Z*)P+y(z* -x*)g-2z(x* ~y*)=0

= X(y*-Z°P+y(z" -x*)q=2(x" - y*)
Hence P= x(y*-z?), Q=y(z*-x?), R=z(x*-y?)

It's subsidiary equation are

dx  dy  dz
X(y*=2%) y(z*-x*) z(x*-y*)
P':—, lel’ R':l

Let X y z

Then PP'+QQ'+RR'

1 1 1
X(y? —2z?).—+y(z® = x?).—+ z(x* —y?).—
X y z

= y2 _ 22+Z2_X2+X2_y2= 0

P'dx + Q'dy+R'dz=0 is integrable
—
1dx+1dy+1dz =0
X y z

On integration
jldx+J'1d +J.1dz—_|.0
X y Y z

= logx+logy+logz=C,
= log (xyz)=logc,
= XyYZ=Cj it (i

Againlet P"=x, Q"=y R"=
Then PP"+QQ"+RR"
=X . X (Y2 = Z%) +y.y(2%- X?) +Z.2(x?-y?)
= X (! = 2) #y(2 1) +2(c-y?)
X2y2-X2Z2+y?72-x2y? + 722-y?72 = 0
Hence P''dx+Q"dy +R"dz = ¢ js integrable

= xdx+ydy+zdz=0
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On integration,
dex+'[ydy+jzdz = IO

= N yzz

—+—+—=C,

2 2 2

= x?+y?+7?
2 - Vv2

From (i) & (ii), the complete solution is 2

Q3 Solve (x? - yz)P + (y?-zx)q = z*-xy
Solution :
(x* - yz)P + (y*-zx)q = z*-xy
Here P = x>-yz, Q=y%*zx, R=z*xy
It's subsidiary equations are
dx dy dz

x*-yz y*-zx Z®-xy

Let P'=y,Q=zR'=y
Then PP'+QQ'+RR'
= y.(x* - yz) + z(y*zx) + x(z* — xy)
=Xy —yz+yz—-7Xx+z2Xx-xy=0
Hence P'dx + Q'dy + R'dz = 0 is integrable
= vydx+ydy+xdz=0
On integration

Iydx+jzdy+_[xdz = IO

2 2 2
f[xyz,—X Ty *2 ]:0 xyz=f(
or

= XY+yZ+XZ=Ch i (i
Again considering the 1% and last two ratio
dx —dy B dy —dz

X2 —yz-y*+zx y?-zx-z>+xy

= d(x —dy) 3 dy —dz
x2-y?+zx—-yz y?-z*+xy-zx

= dx —dy dy -dz
(X=y)(x+y)+2Z(x—-y) (y-2)(y+2)+x(y-2)

= dx —dy B dy —dz

(X=Y)(X+y+2) (y-2)(x+y+2)
= dx-y)_d(y-2)
X-Yy y—-z
On Integrating
I (x- Y) jd(y z)

= log(X-y) = log (y-z)tlog C.
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=  Log(x-y)-log(y-z) = log C,
= _
Iog(x yJ =logC,
y—z
= X —
Yy _ c,
Y=Z (i)
f(xy+yz+zx, X_yjzo
Hence from (i) & (ii), the complete solution is y-<z

xy+yz+zx:f(X_yJ

Or y-2

Q4. Solve 2P-q=2Z

Solution
2p —q=z
Hence P=2, Q=-1, R=z
It's subsidiary equations are
dx dy dz
2 -1 z
Consider the 1 two ratios
dx dy
2 1
= -dx=2dy
On integration
j —dx = j 2dy
= x=2ytc = 2y+x=Ci ... (i)
dy dz
-1z
= dz =
I—dy=f? -y =logz + ¢,
= logzty=Coiviiiiiiiiiiiiii (i)

From (i) & (ii) the complete solution is f(2y+x, log z+y) = 0

Q5. Solve xp-yq = y? —x?
Solution
Xp-yq = y* —x*
Hence P=x, Q= -y, R=y?-x?
It's subsidiary equations are
dx dy dz
x -y ¥y -x

Consider the 1% two ratios
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dx _dy

X -y
On integration,
ax_ jd_y
X -y
= logx = -logy +logc;
= logx + logy = log ¢,

= log(xy) = log ¢,

Again, Consider the three ratios

dx-dy  dz
x=(-y) y*-x
= dx-dy dz

X+y  (y=x)(y+X)
(y - x)(dx - dy) = dz
ydx — ydy — xdx + xdy = dz

U Uy

ydx + xdy — ydy — xdx = dz
= d(xy)—ydy—xdx—-dz=0

On integration,

Id(xy)—jxdx—fydy—jdz=j0

- X2 y2
Xy—?—7—2202
= 2xy—-x’-y?*-2z
2 2

= —(xX*+y*-2xy)-2z=2c,

= - {(X -y)’ - 22} =2, (X-y)+2z=c;,

Hence from (i) & (ii), the complete solution is
Fxy, (x-yy+2z)=c,

Or xy=f{(x-y)? + 2z}
Q6. Solve x(y-z)p + y(z-x)q = z(x-y)

Solution :
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X(y-z)P+y(z-x)q = z(x-y)
Here P = x(y-z), Q = y(z-x), R=z(x-y)
dx dy dz

It's subsidiary equations are X(Y—-2) y(z-x) z(x-y)

let P'=1 Q=1 R=1

Then PP'+QQ'+RR’
=Xx(y-2z).1 +y(z-x) .1+ z(x-y). 1
=Xy—Xz+yz-yx+zx-yz=0
Hence P'dx+Q'dy +R'dz =0 js integrable.
= 1dx+1dy+1.dz=0 = dx+dy+dz=0

On integration,

J'dx+.[dy+J-dz:J.O

= Xty+z=Ci i, (i)
P" — 1 Q" — 1 R" — 1
Again let X, y, z

Then PP"+QQ"+RR"

“y‘ZX%+YQ—X)%+zu—y)%

y—-z+z-x+x-y=0
Hence P"dx + Q"dy + R"dz = 0 is integrable.

=
1dx+1dy+1dz =0
X y z

On integration
1 1 1
J';dx+J'§dy+J'Edz:_[O
= Logx+logy+logz=logC,

= log (xyz) = log C,

Hence from (1) & (2), the complete solution is f(x+y+z, xyz) = 0

Or x +y+z = f(xyz)
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Chapter - 4
Laplace Transform

41 Gamma Function

The gamma function is defined as

rm-fex ns0
o e « 1 1
In particular, =115 e’ e
Reduction formula for T'(n) :: I'(n+1)=nI(n)
_ [* a—xyn-1
Proof : Since (n)= J.o e x"dx, (n>0)

_[* A-x  n+1-1
F(n+1)—_[0 e .x"dx [putting (n+1) in place of n]

= nI’(n)

we know r(1)="1

'(n+1)=nI(n
(n+1) (n) successively, we get

[(2)=C(1+1)=1.0(1)=1.1=1
I3)=T(2+1)=2I(2)=2.1=2!

Using

In general
I'(n+1)=nl(n)=n(n-1)!=n!

r 1) =nl
(n+1)=n , provided n is a positive integer
=0!
Taking n=0, r@+1)=0
ra=1
but M ( or=1)

{3 (D)o
When n is a fraction 2 2
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4.2 Laplace Transforms

Laplace transform operator ‘L’ is simillar to differential operator ‘D’. Both are linear in nature so
they obey linearity property where L is operated on f(t), the result is function of ‘'s’. i.e. f(s)
Introduction :

The method of laplace transforms has the advantage of directly giving the solution of differential
equation (both for homogeneous / nonhomogeneous) with given boundary values without finding the
general solution.

Definition :

Let f(t) be a function of ‘t’ defined for all positive values of ‘t". Then the laplace transforms of f(t),

denoted by L{f(t)} is defined by

st
L{f(t)} =.[0 © f(t)dt, Provided that the integral exists.
Here S is a parameter which may be a real or complex number.
L{f(t)} being a function of s written as
Lif(t)}=f(s)
o f(t)=L"{f(s)}
H
Here L laplace transformation operator.
_>
L inverse laplace transformation operator.

4.3 Condition for existence

j:e-stf(t)dt

The laplace transform of f(t) i.e. exists for s > a, if

H —at
i) f(t) is continuous ii) 152{9 f(t)} is finite
Laplace Transform of standard functions (Memorised the following formula)
1 L{eat}: L
1) L{1}=s 2) s—a
Li"} nl _T(n+1) a
3) =s" S 4) L {sin at} = s* +a?
a S
5) L{sinhatt=s’-a’ 6) L{cos at} = s* +a?
S
7) L{coshat}= s*-a’
1
1) L{1}= s

Lif(t)) = jo“’ e f(t)dt
[ e'x1.dt= eﬂ = _—1[%—10} = [o-1l=¢
- L(1) - 0 —S 0 S |e e S

al 1
2) L{e }_s—a

Proof : We know
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at|_ [* .-st Lat _[* A-(s-a)t —(s—a)t |®
L{e }—_[Oe e dt—joe dt [e } (0—1)= 1
Proof -—(s-a) (S a) S_a, s>a
Note : L. T doesn’t exist when S < a
L} nt _rn1)
3) - Sn+1 Sn+1
Lit"| [ened-[e” (EJ“@ dp _ 4P
' - ' dt S
Proof =0 0 s) s Putst=p = S=
1 = o . I(n+1) P
=Sn+1joe Pdp=—ci— =g
I
. L(t") ==
i.e S (whennis a +ve integer)

A
L(t j
in particular

4)

7)

r(1/2) J_ \f

; 3
Lt ra2+1) \2) Jx
i, 3 3
= s2 s2 2s2
e—st

_‘me‘“.sin at.dt =
0 (-s)" +a

L {sin at}

L {coshat} = °

=1 I(:O(e‘St.eat +e e )dt

—~  (-ssinat—acosat il 0-a
2 2 2 2

at —at
e *.coshat.dt = I eS‘{&Jdt
0 2
1 J'OO e gt + r@ e =gt
= 2 0 0

e T A 1 1
10— (-1
+—(s+a)l=2{ ( )(<s—a)+<s+a)ﬂ

1] et
j{—(s—a)
1{s+a+s—a} 1 2s
=2 s?-a® |=2s*-@
Similarily we can prove
S
5) L(cosat)= s*+a’
a
6) L(sinhat)=s’-a°
Example : 1
Find the laplace transform of
i) cos2t i) sin 4t ity iv) ex
S S
Sol. i) L{cos2t} =s2+22 s*+4
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4 4
i) L{sindy =s’+42 s’+16
4 4Ax3x2x1 24
i) L{t) =s" & §
1
iv) Lex} =s-2

4.4
) Linearity property : if a, b, c be any constants and f, g, h any function of t, then
L {af(t)+bg(t)-ch(t)} = a L{f(t)}+bL{g(t)}-cL{h(t)}

Properties of Laplace transforms :

Example :
Find
Sol.

L{ex+ 4t;- 2sin3t + 3cos3t}

L{ex+ 4t;- 2sin3t + 3cos3t}

= L{ex}+L{4t;}-L{2sin3t}+L{3cos3t}

= L {ex} +4L{t;} - 2L{sin3t}+3L{cos3t}

1 3! 3 S
+4. -2. +3.
=s-2 st s?+32 s?+3°2
1 24 6 3s

— = +
s—2 s* s?2+9 s?+9

First shifting property :

I
F Lty =f(s) |
then LIe*f(t)}=f(s-a)

Proot L{e™f(t)}= [[ee™(t)dt = [ e = f(t)dt

_ .[: e "f(t)dt, wherer=s-a

f(r)=f(s—a)

Thus Ipif we know the transform of f(t), we can write the transform of e, f(t) simply replacing s
by (s-a) to get i.e. if
= L{ea. f(t)}=(s-a)
Application of 1st shifting property

Y L - e} -
Y L{sinbt} = = Ebz L{e® sinbt} = . atiz e
N L{cosbt} = Jsrbz L{e™ cosbt} = ﬁ
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) L{sinhbt} = 2 ?bz L{e* sinhbt} = m
. L{coshbt} = ﬁ L{e* coshbt} = %
Example : Find the laplace transforms of
e.(2cos 5t -3 sin 5t).
Sol. L {e.x(2cos 5t -3 sin 5t)}.
= L{e*'2cos5t} - L{e*'3sin5t}
= 2L.{e"* cos5t} —3L{e ' sin5t}
s+3 5 2s-9
_ (51372 +5° _3'(s+3)2 157 % 4Bs+34
Example : Find the Laplace transform of
1, 0<t<1 (t>2ie. 2 to «)
F(t)=4t, 1<t<2
0, t>2
L{F(t))

j e f(t)dt
Sol. 0

_ [l dt+ e tat+ ["e 0t

|
(7]

1 _ e—s 2e—2s 6728 e—s e—s
- T2 | T2
_ s s -s s
1 e5 2% g .\ e* e 1 2e* . e e

=z == A A
=s S s s? s s? =s S s? g2

lll. Change of scale property:

Applying Change of scale property

Find L{at}
1 -
L{t}=— =1(s
Sol. We know & s? (s)
B 2
o= 212)-1 -5 -
ala) a (s) a s S
By using change scale property a
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L{t"f(t)} and L{%f(t)}

Laplace Transforms of function
4.5(a) Multiplication by t,

i L)} =1(s), then

Ly} = (1 L)
ds" |, wheren=1,2,3, .........
Example
Find the Laplace transforms of t cos at

Solution

Since L{cos at} = s/(s.+ay)
(1) i[;) _ | (s*+a’)-s2s|_—(s"-a")
L{tcosat}= ds|s”+a’ (s*+a’)? (s® +a%)

Find the Laplace transforms of t, sin at

Example

2as

2 L(tsinat):(_1)1d( a ]:(_1){(32+a2).0—a.23

SincelL (Sin at)= s’+a’, = ds|s®+a? (s +a?)?

L(ttsinat)=(-1)" i{(i}

L(t;sin at) = ds (s® +a%)’

g (s> +a?)%.1-s.2(s®> +a?).2s
(s? +a?)*

_2g (s® +a?)(s? +a® —4s?)
= ' (s +a%)*

2a(3s% —a?)
(s* +a%)’

b) Division byt
L{f(t)} = f(S), L{lf(t)} = J‘w f(s)ds
t S

If then provided the integral exists.
Example
I_{cos at—cos bt}
Find the t
Solution

Since L {cos at - cos bt}
= L{cos at} - L {cos bt}

s s
=s’+a’ s’+b’

cosat — cosbt o s S 1 1
(= == t_ - ds |! 2, .2y ! 2 K2
{ t } _L (Seraz 52+b2j i 2|Og(S +a°) 2Iog(s +b?)

00

S
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c¢) Transforms of Derivatives
if F' () be continuous and L{f(t)}=f(s)
Then  LiF(M®}=sfs)-f0) ... (1)

By applying equation (1) to the second derivative f"(t) we obtain

L(f") = SL{f'(t)}-f'(0)

s(sf(s)—f(0))—f'(0)

s%f(s) - sf(0) - f'(0)

= SL(f(t))-sf(0)-F'(0) (2)

= L") -s%(s)-s#(0)-sF'(0)~1"(0) ... @3)
Simillary in general

L)) =s"T(s)—s"(0) = 8" 2 (0) = orrr...... £71(0)

d) Transforms of integrals

Lif(t)}=f(s) : _1:
hen L{jof(u)du}_ f(s)

If S

Example :

t
e'.cost dt
FindL. T.of o

L{e“cost}: S+21 = s+1
Solution : (s+1)°"+1 s“+2s+2

s+1

t
1 1
-t _ -t - -
L-([e cos t dt= L{e cost} s s2+ 2542

S

4.6 Inverse Laplace transforms

it L{f() = Fs)= L i(s)f=1(t)
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L1_1:|:1 L1—L:|:eat
1) _S 2) _S—a
r n-1 0 atgn—1

L in} t L n}:et
3) [s"] (=1 n=1,2,3, .. 4y Ls-a)"] (n-M

L 21 2}zlsinat LT ZS 2}zcosat
5) | s +a a 6) Ls"+a

L‘( 21 2j:lsinhat L‘( 23 2):coshat
7) s“ —a a 8) s" —a

L_1[ 12 2}216?}t sinbt I-_{ S_za 2}26
9) (s—a)’ +b b 10) (s—a)* +b

L1[ﬁ}=2itsinat L{( 5 1 2)z}z213(sinat—atcosat)
11) s” +a a 12) s"+a a

Example :

L ;2 =L % =e ' cos2t
4 (s+3) +4 (s+3)+2
s’ -3s+4
Example : find the inverse Laplace transforms of s®
Solution :
L s?—3s+ 4}
3
= S
2
s 3s 4
L 22—
= (s® & 33]
1 3 4
L - =+ =
= S 32 S3J
L [1J -3 L1[izj + 4.L1[13J
= S S S
=1- 3t + 2t2

To solve a inverse Laplace transform we use the partial fraction method :-
Algebraic fraction is of two types.
1)  Proper fraction

2)  Improper fraction.
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(1) Proper Fraction :
If the degree of the Numerator is less than the degree of the denominator is known as proper
fraction.

1 2s and s?
Fore.g. (s+1)(s+2)" s®+3s+2 (s=1(s-2)(s-3) etc.

2. Improper fraction :
If the degree of the numerator is greater than or equal to the degree of denominator, the
fraction is called improper fraction.

s?-s+2 s°-7s?+2s+3 =
Foreg. s+1 s?’+s+3  etc.N, Do

When we use improper fraction dividing numerator by denominator and express the function as

a sum of polynomial function and a proper fraction which is obtained from Dividend = quotient +

remainder
divisor
x3 -1 _1 2
foreg. x> +1 x® +1

For proper fraction, where denominator are of linear nonrepeated, Linear repeated, Quadratic
non repeated and quadratic repeated such as :

There are 4 cases arises

a) Non - repeated linear factor (case - a)
b) Repeated linear factor (case - b)
c)  Non repeated quadratic factor (case - c)
d) Repeated quadratic factor. (case - d)
Case-a (Non-repeated linear Factor Form of partial Fraction
__ps+q A LB
(s—a)(s—b) s—-a s-b
Case-b (Repeated linear factor)
ps +q A B
2 s A e a2
(s—a) s—-a (s-a)
PS+q As+B . Cs+D
Case - ¢ (as? +bs+c)(ps® +qs+r) as’+bs+c ps®+qs+r
ps+q As+B N Cs+D
Case - d (as? +bs +c)? as’ +bs+c (as?+bs+c)?

Solve linear differential equation with constant coefficients associated with initial conditions using
Transforms method (upto 2nd order)
Working Procedure

To solve a linear differential equation with constant coefficients by transform method.

Step -1  Taking laplace transform on both side of given differential equation
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Step -2  Apply given initial condition to reduce the equation
Step -3  Solve the reduced equation by partial fraction
Step -4 Taking inverse laplace transform on both sides to obtained the desired result.
Example -1
Solve Y'-4y'+3y=6t-8, y(0)=0, y'(0)=0
Solution : Taking laplace transform both sides.
L{y" - 4y'+3y}=L{6t -8}

= Ly -Lidy )+ LBy)=Li6t)- L8}

= . B ~ 5
s?y(s) - sy(0) - y'(0) - 4{sy(s) - y(0)} + 3y(s) = z .
N szy(s)—4SV(S)+3Y/(s)—s.O—O:%_g
S
= V(S)(SZ—4S+3)=6;88
- y(s)= 6-8s X 1
’ s? "s?-4s5+3
= 6—8s

L{y}= s 2(s-3)(s-1)

= |:1 6—8s
y= %(s— 3(s 1)

= |_-1 6—8s
y= 2(s—3)(s—1)

__6-8 _A B, ,C D
Now S°(s-3)(s-1) s s® s-3 s-1

As(s —3)(s—1)+B(s - 3)(s — 1)+ Cs?(s — 1) + Ds?(s — 3)
= s?(s-3)(s—1)
=  6-8s = As(s-3)(s-1)+B(s-3)(s-1)+Cs2(s-1)+Ds2(S-3) ...evvvrrrrrrrnnnnnns (1)
Put (s-1)= 0S=1 is equation(1) we get.
6-8.1=A.0 +B.0 + C.0 + D.1(-2)
= -2=-2D = D=1

Put s-3 = 0= s=3 in equation (1) we get
= 6-83=A0+B.0+C.92+D.0
= -18=18C
= C=-1
Put s = 0 in equation (1) we get
6-3.0=A0+B(-3)(-1)+C.0+D.0
= 6=3B = B=2
Put S = -1 in equation (1) we get
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6-8 . (-1) = A. (-1)(-4)(-2) + B. (-4)(-2)+C.1.(-2)+D.1(-4)
14 = -8A + 8B - 2C - 4D

= -8A +8.2-2.(-1)4.1

8A = 16+2-4-14

-1 -1 2 -1 1 -1 1
_ L7(0)+L (S—ZJ—L (S—S}LL [S—J

= 0+2t - este
y(t)=2t—e +e!
Example : 2
Use transform method to solve.

d’x dx . dx _
—— —2—+tx=e P
dt dt with x=2, ,t=0

Solution : Taking laplace transform both sides

2
L{ZT;(_Z?TT+ }:L{e‘}

x"-2x"+x} 1
= L =s-1
{x"}—L{2x'}+ L{x} 1
= L =s—1

X < 1
= s, (s)-sx(0)x'(0) 2[sx(s) - x(0)]+ X(s) = —

‘

s?X(s)— 5.2 — (1) — 2[s.X(s) — 2] + X(s) =
= S —

—_—

S7X(S) — 25 +1— 28X(s) + 4 + X() = %
S_

-
(82— 25 + X(S) = —— + 25 -5
= S —
2 —n_ 1+(2s-5)(s-1)
: (s“ —2s+1x(s)= -
)_((S)=1+232—28—53+5
=N (s—1)(s -1y
_ 282 - 7s+6
- L{X(S)}_W
i\ 1 1]28°—Ts+6
_ X(s)=L {—(3_1)3 }
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28> -7s+6 A B C
3 + 2t 3
Now (s—-1) s=1 (s=1)° (s-1)

25> -7s+6 A(s-1>+B(s-1)+C
= (s-1)° (s—1)°
= 25-75t6 = A(S-1), + B(S-1)+C viriiiiieieieeee (1)
Put s-1=0 s=1 in equation (1) we get

21,-71+6=C

= 1=C
Again put s=0 in equation (1), we get
6=A-B+C C=1
= 6=A-B+1
= AB=5. (2)
Again put s=-1 in equation(1) we get
2+7+6=A.4-2B+C C=1
= 15=4A-2B+1
= 4A2B=14 ............. (3)
from eugqtion (2) & (3) we get
4A-2B =14
equation (2) x5 4A -4B=20
-+ -
2B=-6
= B=-3
A-B=5
= A-(-3)=5
= A=5-3=2
SJA=2

2 3
xty= (=1 (s=1° (s-1)

) L—{é} - 3L‘1{(S_11)2 } + L—1{(S_11)3}

t2
=2¢e-3t.e +e. 2 =2e-3tet+'2. e t,

Some special technique for finding Inverse Transform
We have seen that the most effective method of finding the inverse transforms is by means of
partial fraction. However, various other methods are available which depend on the following

important inversion formulae.
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Property I.
Shifting property for Inverse laplace transform :

it L'[f(s)]= (1) then L7'[f(s —a)|= e™f(t) = e*L[F(s)]

L 1 =e?sint
Ex. (S—2)2 +1

Property II.

L= f(t):H{-if(s)}
If , then t. ds

Example : Find the inverse Laplace Transform of

| S_Hj s? +1 t_1[§j
. 09[3—1 2 Iog(s(s+1) 3 co >

tan™’ [ij tan“(ﬁj Iog(”—sj
5. s? 6) 2 7) s

s
9.  coty(s) 10) (s* +a®)’

Solution :

L‘{Iog[s—ﬂﬂ
1 ) s—1
L‘{Iog(s—ﬂﬂ
Let f(t) = s-1

tan‘(g)
4) S

Iog(
8)

s+1

(s+2)(s+3)

4] dg ) d <1 Td
t. f(t)= L {_Ef(S)} =L1[_Elog[aﬂ _ -L {E{Iog(sﬂ)—log(s_n}}

— L L_L L L — L L —el_et
= s+1 s—-1] = s—-1 s+1

t -t
( sinht=2"%

t x f(t) = 2 sin ht )

3 2sinh t
t

f(t)

L {cot‘(iﬂ
Solution : Let f(t) = 2

Using the above property

o
t.f(t) = ds ©

BEH]
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_L’ . 5 X —
2) +1
= = = = sin2t
sin 2t
f(t) =
(t) >
10) (SZ+82)2
Solution :
L‘{ 1 }_sinat
Letf(t)= Ls°+a’ a
_ 1
f(s)=
so that () s? +a?

Using the above property

=

L71 % = itSin at
- (s“+a“) 2a
Rest problem will be solve in assignment

Property lil.
it L'[f(s)]=f(t) and £(0)=0, then

L sf(e)] = Sfico]

Alng ] d”
In general, - [S f(s)]_ dt" [f(t)]

Provided f(0)=f'(0)=....=f""(0)=0
Example : (s* +a%)*

Solution : (s* +a%)’

'—{SX%}
= (s +a%)
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f(s)=—
Here (32 + 32)2
z d
L sf(s)|= —[f(t
Using the above property, [s (S)] dt[ ( )]

L{—S
We have prove that, (s® +a’)’
Since f(0) =

So by above property,

u[s.—(sz faz)z} Sl

d| 1, .
—J—tsin al
= dt{Za }

1 {sinat + t.cosata}
= 2a

ia {sinat + atcosat}

Property : IV

L' {f(s)}=f(t), then L {f(s} j f(t)dt
i

L 1
(s® +a?%)?
Example : result follows that

Solution : We have shown that

1 s 1 B
L {W}_ 7a (tsinat) =f(t)

1 1 A 1 S
- {(32+a2)z}_|_ [sx(sz+a2)2}

f ftsinat
j f(t)dt j dt
=3 2a

=0

1 [t
— Itsinat dt}
0

_é ( cosatj ':[1(

1 [—tcosat sinat
— +
-2a| a a’

2% [sinat —atcosat|
a
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, Where f(0)=0

f(t)
(say)

(say)

cosatj }



Some Important Formulae :

7.

I'(n+1)=nI(n)
ra)=1

L(sin h at)=—
s“-a

S
2

L(cos h at)=

Application of first shifting property :

If L {f(t)} =f (s), then L {e.f(t)}= f (s-a)

L(eat)z P
n!

L(ea tn)z W

b

L(e* sinbt)=———
( ) (s—a)? +b?

S—a

L(e*cosbt)=—> =
( ) (s—a)? +b?

b

L(e*sinhbt)=———
( ) (s—a)’> —b?

Inverse Laplace Transform

L—1(1j=1
1. S
(é}:t“-tn:m 2 3,....

{46}

L—1

L—1

( 1 j—lsinat
s?+a?) a
[ S ]—cosat
s? +a?
1 1
=—sin hat
(sz—azj a
S
=coshat
(sz—azj

=e® cosbt

= 1eat sin h bt
b



s-a [ s-a )
2 _p2 L [ﬁjze cos h bt
6. L (eacoshbty= (873~ 6. (s—a)’-b

Where in each case s > a.

We use the following properties

Laplace Transform Inverse Laplace Transform
1. IFLf() = T (s), then 2. If L‘1{f(8)}=f(t),then
d" o d"
) Lirso= 1y L[] 2 L lsrf(s)f= 2 fio)
where n=1, 2, 3 Provided f(0)= f'(0)=...=f""(0)=0
d gl d
) L{tF(t)} = ds((s)) L' {sf(s)}= )
1c) Transform of integrals : Provided f(0)=0
L{Jf(u)du} ~T%s) tf(t) = L‘“{— %f(g)}
0 S 2b)
L{f(t)} = Tf(s)ds L {ﬁ} = J’ f(t)dt
1d) s 2c) S0
1‘, t
L { } j{jf(t)dt}
Provided the integral exists Also 0

1)

and so on

Hmm)dt}dt}

Important logn question with solution

1( 5s+3 J
Q1. Find (S—'])(S2 +2s+5)

1[ 55 +3 j
Ans. (s—1)(s*+25+5) ) can be solve by partial friction method

5s +3 A N Bs+c
(s—1)(s?+2s+5)) s-1 s?2+2s+5

55 +3 _A(s* +25+5)+(Bs+c)(s—1)
—  (s—-1)(s*+2s+5) (s —1)(s® +2s+5)
=  5s+3 = A(s:+2s+5)+(Bs+c)(S-1)
For s=1, 5,1+3=A(1,+2x 145

= 8=8A

=>A=1

For s=0,
0x5+3 = A(0,+2(0)+5)+(Bx0+C)(0-1)
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= 3=5A-C
C = 5A-3=5-3=2
= (=2

U

Fors =-1,
-1x5+3=A {(-1),+2(-1)+5}+{B(-1)+c}(-1-1)
= -2 =4A+(-B+2)(-2)

= -2=4A+2B-4
= -2=4+2B-4 = 2B=-2=B=-1
5s +3 1 2-s

= +
(s—1)(s>+2s+5) s-1 s?+2s+5

L 5s+3
N (s—1)(s? +2s +5)

e A

1 s?+2s+5

{ } 3-(s+1)
(s+1)72+22

£ 3 ) (s+7)

e+l {(s+1)2+22} - {(s+1)2+22}

el + ge‘t sin2t—e ' cos 2t
L“{ s+3 }—L1 s+3
Q2. Find s?-4s+13 (s —2)? +32
4 s+3 4] s—-2+5
L 2 a2 =L 2 2
L s-2 . 5
- (s-2)2+3% (s-2)?+3?

1 s-2 1 5
= : {(8—2)2 +32}+L {(3—2)2+32}

_ e®'cos3t+ %em sin3t

[]
—_
N| =
x
—
_l’_

N —
N|»
N——

N

N %/—J




L1{—S
Q4. Find [(5-3)(s*+4)

» s A Bs+c
LYN——————+¢ — =t
Ans. ((5-3)s*+4)]=8-3 sT+4 . 0
s _ A(s*+4)+(Bs+c)(s-3)
—  (s-3)(s*+4) (s—3)(s* +4)
=  S=A(S:H+4) + (BSHC)(S-3) coeeeiiiiiiiieeeeeeee (i)
for s=3, equation(ii) becomes
A=
3=A(3:%4) => 13
For S =0,
0 = A(0,+4)+(B.0+c)(0-3)
= 0=4A-3c
4xi
= 3C=4A= 13
4
= ¢=13
For S =1,

1= A(1,44)+(B x 1+c)(1-3)
—  1=5A+(B+C)(-2)

1:5x%+(8+ij(—2)

= 13
1:E—ZB—§:l—ZB

= 13 13 13
2B:l_ :__6

= 13 13

_-3

= 13

Putting A, B, C, in equation (i)
S 3 -3s+4

= +
(s—3)(s®>+4) 13(s-3) 13(s® +4)

L_1 S :L_1{ 3 }+L_1 -3s+4
N (5—3)(s? +4) 13(s—3) 13(s2 + 4)

ie?’tth‘1 —_238 +L —j
_13 13(sZ + 4) 13(sZ + 4)

ie?’t—icosZtJrisinZt
=13 13

{49}



g 122
Q5. Find S

Lt} = (- 9T

Ans. We know ds

tf(t) =L { ” }

=
f(ty= 1 {—df(s)}
- t ds
1 L 1 sz1—(1+s)
t 1+s 32
= S
s
= t s+1 32
IR B B T
= t s(s+1)) = t s(s+1)
1 _A B
s(s+1) s 1+s ... (i)
1 A(1+s)+Bs
— s(1+5) s(s+1)
= 1=A(1+s)+BS ......ccceeee... (i)
Fors=0, 1=A(1+0)
= A=
For S=-1
1=B(-1) B=-1
1 1 1

s(1+s):s_1+s

)
N S t s(1+s)

Seft ) o)

=t s 1+s
1{ S } 1{(s+3)—3}
L ——g— =Ly s
Q6. Find (s+3)°+4 (s+3)°+4

L s+3 e 3
- (s+3)%+4 (s+3)+4

e ' cos2t - %e3t sin2t
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Q1. Solve by method of laplace transforms Y'+4y'+3y =€ y(0)=(0)=1
Ans. Step -1

Given differential equation is Y'+4y'+3y =¢e™"

Taking laplace transform of both sides, we get
L{y44y43y}=Lk4}

~ Liy)+Liay)+Liyl =L

(525(s) — sy(0) — y'(0))+ 4(s¥(s) — y(0)) + 35(8) = ——
= s+1

y(s)(s® +4s +3)—sy(0)-y'(0) - 4y(0) = 1
s+1
Step -2  Putting y(0)=y’(0)=1

V(S)(s +45+3)—s—1—d=—
= s+1

Y(s)(s? +45+3)— (s +5) = ——
= s+1

V(s)(s? +45+3)=—— 4+ (s+5)
= s+1

1+s?2+6s+5 s’ +6s+6

- y(s)= (s+1)(s2+45+3) (s+1)(s% +45+3)

5(s) = s?+6s+6  s*+6s+6
N y S (s+N(s+M(s+3) (s+1)3(s+3)

Step -3
Now solving R.H.S by partial fraction
s’ +6s+6 A B o

(s+12(5+3) s+1 (5117  s+3 (i)

s +6s+6  A(s+1)(s+3)+B(s+3)+c(s+1)

—  (s+1)*(s+3) (s+1)%*(s+3)
=  S;+6s5+6 = A(s+1(s+3)+B(s+3)+C(s+1)2 .covvvrrreennn. (i)
For S=-1 equation(ii) becomes for S=-3 Fors=0
1-6+6 = 2B 9-18+6=4C 6 = 3A+3B+C
3a=6-24°> 2
= 2B=1 = 4C=-3 = 2 4= 4
B:l C::E A:Z
= 2 = 4 = 4

Now putting A, B, C in Equation(i) becomes

5(s) = s+6s+6 _ 7 1 3
Y _(S+1)2(S+3)_4(S+1) 2(s+1? 4(s+3)
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Step -4

Taking inverse laplace transform on both side

ol )
4(s+1) 2(s +1)? 4(S+3)

7 o 1. o 3 s
—e +—te " ——e o )
y=4 2 4 Which is the desired result.

Q2. Solve by using laplace transformation method
y'-3y+2y=e* y)=1, Y (=0
Solution.

Step-1 Given D.Eis y"-3y'+2y = e

Applying laplace transform we have

L(y")-L(3y')+L(2y)=L{e*}

(527(5) - 5y(0) ~y/(0)) - 3(5¥(6) ~Y(O) +25(5) =
Step -2

Now applying initial given condition  y(0)=1, ¥'(0)=0
- _ _ 1
(s2¥(s)— s —0)—3(sy(s)— 1) + 2¥(s) = ——
= s-3
s?y(s)—s—3sy(s)+ 3 + 2y(s) =

L
= s-3

V(s)(sz—3s+2)=$+(s—3)

=

V(s)(s? —3s+2)= T4(s-3)°
= s-3

v 1+(s-3)
L YO ey as 1 2)

1+(s-3)° _ 1+(s-3y  1+s’°+9-6s
- (5-3)(s?-2s-s5+2) (s-3)(s-2)(s-1) (s-3)(s-2)(s-1)
¥(s) = s2-6s+10

= (s-3)(s-2)(s-1)
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Step -3

Applying partial fraction on R.H.S

s°-6s+10 A , B, C
(s=3)(s-2)(s-1) (s-3) (s-2) (s—1) i, (i)
s? -6s+10 _ A(s-2)(s—-1)+B(s-3)(s—1)+C(s—3)(s-2)
= (s-3)(s-2)(s-1) (s—3)(s—-2)(s-1)
= S;-65+10 = A(5-2)(s-1)*+B(s-3)(s-1)+C(5-3)(S-2) .eeeevvvririiieeeeeeins (i)

For s=2in equation(ii) is For S=1 For S=3
2,-6x2+10=B(2-3)(2-1) 1-6+10=C(1-3)(1-2) 9-18+10=A(3-2)(3-1)
= 2=B = 5=2C — 1=2A

c-2 A=l
= B=-2 = 2 = 2

Putting A, B, C In equation(i)

J(s) = s +6s+10 Tt ., -2 5
(s-3)(s—-2)(s-1) = As-3) s-2 2(s-1)
Step -4
Vo) =L(y) = o o

+ +
2(s-3) s-2 2(s-1)

Applying laplace inverse both side

VAT S B 3 Y ) QL PC TP Ve S Y
2(s—3) s—2] 2" |s-1/ 2 2

Q3. Solve by L. T method

y"+2y'-3y = sint, y(0)= y'(0)=0
Ans.
Step -1
Given D.E is
y"+2y'-3y = sint,
Applying laplace transform both side

= L{y"+2ly}-3Lly}=Lisint]

(s2(s) - sy(0) - y'(0))+ 2(s¥(s) - y(0)) - 3¥(s) =
= s? +

37(8)(82 +28—3)—Sy(0)—y'(0)—2y(0)= 21
= s° +1

{53}



Step -2

=

Step -3
Now solving R.H.S by partial fraction

For s=1 Equation (ii) is

For

=

=

=

Applying initial condition
y(0)=¥'(0)=0
1

2

y(s)(s?+2s-3)-0-0+0=
s +1

1

s? +1

y(s)(s® +2s-3) =

() 1

1

1
(2 +1)(s+3)(s-1)

y(s)

T (s2+1)(s2+25-3) (sZ+1)(s?+3s—s-3)

1 A B (Cs+D)
(2 +N(s+3)s—1) (5+3) (5-1) s2+1 :
................... (i)
1 _A(s—1)(s® +1)+B(s+3)(s® + 1)+ (cs + D)(s + 3)(s — 1)

(s +1)(s+3)(s-1)
1 =A(s-1)(s+1)+B(s+3)(s+1)+(cs+

For S=-3
1=B.4.2 1=A(-4)(10)
8B=1 = -40A=1
B—_ A=

8 = 40

+1 = -4A+4B+(-C+D)(-4)

Now equation(1) be comes

4 4 4
—+—+4c+—
+1=40 8 5
10 2 5
10-1-5-8 10-14 -4
4c = = =—-=
10 10 10
4c-"2
5
-2 -1
C:_:_
4x5 10
1 -1 1

(s+3)(s-1)(s*+1)
D)(s+3)(s-1)

=

-2

5

-1 1
7S_i
(10 sj

= + +
(5+3)(s—1)(s2+1) 40(s+3) 8(s-1)  s%+1
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1=-A+3B-3D

1 3
_+_
3b=40 8 -1

24

3D=—"" il
40

=>D=—
5



-s-2

-1 1 10
L(y)= + +
- W)= Z2065+3) 87 (82 +1)
1 1 1 s 1

+ P —_
_ 40(S+3) 8(s—1) 10(s2+1) 5(s2+1)

Step -4  Applying iverse laplace

Q4.

Ans.

Q5.

sl el -
y= 40(s +3) 8s-1) 10 [s*+1) 5 [s*+1

-1 5 1 ¢ 1 1 .
y=—e " +—e ——cost——sint L )
= 40 8 10 5 which is the required result.
Solve
2
G L S x(0)=2,d—x} =1
dt dt dt |,

Taking laplace on both sides,

L{‘;ZT;‘} - 2L{‘:j—’t‘} sLx =L
1

[s2%(s) - sx(0) - x'(0)] - 2[sX(s) - X(0)] + X(5) = ——
= s—1

S7X(S) — 8.2 — (—1) — 25K(8) + 4 + K(S) = ——
= s—1

)_((s)[s2 —2s+ 1]—28 +5= é

-
5 ) LY
R x(s)[(s—1)]—s_1+23 5
%)= 1,25 _ 1 2-2-3 1  2As-1) 3
N s (s-12 (s-1° (5= =(s-1° (s-1? (s—1)
)1, 2 3
N T (s=1? (s=1) (s—1)7?
1 3 2
B o e 1 P
L1{ L }—3L1 L }+2L1{L}
— xty= (= (s —1)2 s—1
=et§|—3et.%+2et ) tz%t—ZBte‘+2et

2
d—;( +9x = cos 2t X[Ej =-1
dt X(0)=1 \2
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Ans. Let us choose X' (0)=a

taking laplace on both side in equation (i)

L{dzx} +9L{x} = L{cos 2t}

dt®
s2X(s) - sx(0) - X'(0) + 9X(8) = —
= s“+4
s?X(s)—s.1—a+9x(s) = 23
= s°+4
X(s)(s* +9)—(s+a)=—
= s“+4
X(s)(s?*+9)=———+s+a
= s? +
X(s) = S ro 42
. (s> +4)(s*+9) s’+9 s?+9

L{x(t)}:%{ 5s }L S + a

(s +4)(s?+9)| s?+9 s?+9

L4 22 g | st

- +
s?+4 s?+9| s2+9 s?+9

-l
— 5 s“+4) 5 s°+9 s°+9 s°+9

1cosZt—1cos3t+cos3t+isin3t
=5 5 3

x(t)= 1cosZt + icos 3t+ 2 sin3t
5 5 3

Y
X = [=-1
According to the question (2]

1 o 4 o a . (3=n
—1=—cos| 2.— |+ —cos| 3.= |+ —sin| —
— 5 2) 5 2) 3 2

_1:_1+i.0_gz_(1+gj
N 5 5 3 |5 3

1 a
—+—==1
= 5 3
a 1 a 4 12
= 3 5 =3 5= 5
Hence

x(t):10032t+ic083t+2.1sin3t
5 5 5 3

x(t)= co§2t + 4C%S3t + %sin 3t
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Chapter - 5
Fourier Series

Some important Formulae -
1) SII"I nTEZSin(—nTC)ZO
2) cos hm=cos(-nm)=(-1)"

sin(2n + 1)% = (-1)"

3)
4) cos(2n + 1)% =0
n+1
5) jx”dx::+1+c
6) jeaxdx: ea +C
7) Isinnxdx:—co“:’]nx +C
8) Icos nxdx = sir:]nx +C

9) Dby parts formulae

I(u.v)dx = u.[ v.dx — J-E—i J. v.dx}dx

Where u is 1st function and v is 2nd function followed by ILATE rule.

ax

Iea".sin bx.dx = % ,
10) a“ +b” [a sin bx - b cos bx]+C
ax
Iea".cos bx.dx = % )
11) a“+b”° [a cos bx + b sin bx]+C
a+27 a+21
I cosnx.dx = jsin nx.dx =0
12) o o
a+2n a+2n
.f cosmx.cosnx.dx = j sinmx.cos nx.dx
13. o o
a+2n o+2n
I sinmx.sinnx.dx = J-sin nx.cosmx.dx =0
a+27 a+27
j sin? nx.dx = Icosz nx.dx = x
14. o o

Introduction

In many engineering problem, especially in the study of periodic phenomenon in SHM,
conduction of heat, electrodynamics and acoustics, it is necessary to express a function in a
series of sine and cosine. Most of the single valued functions which occur in applied
mathmatics can be expressed in the form

Y2+ @1 COSX+aCOS 2X + ooovviiiieninee

+bysinX+bySin2x+ ...,

within a desired range of values of the variable. Such a series is known as the fourier series.
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5.1 Periodic functions :

A function f(x) defined for all real x is said to be periodic if there exists some positive
number T such that f(x+T) = f(x) v X, where T is the fundamental period of f(x).

The smallest positive value of T is the fundamental period of f(x)

For example : sin x = Sin (2n+x) = Zsin(@r+x)=" .

COS X = cOS(2n+X) = Scos(n+x)= .

So sinx and cosx are periodic function of period 2n
tanx = tan(n+x) = ........
cotx =cot (m+x) = .............

So tanx and cot x are periodic functions of period .
5.2 Fourier Series

If f(x) be a single valued periodic function having period 2n defined in the interval
A<X<a+2T thon the fourier series for f(x) is given by

=?° Za cosnx+2b sinnx

Where a,, a, and b,are caIIed fourier co-efficients given by Euler’s formula
5.3 Dirichlet’s condition for fourier expanssion of a function :

—°+Za cosnx+Zb sinnx
A function f(x) can be expressed as a fouries series f(x) =

where a,, a, and b, are constant. if

a) f(x) is period, finite and single valued function

b)  f(x) has a finite no. of discontinuities in any one period.
c) f(x) has at most a finite no. of maxima and minima.

5.4 Euler’s Formulae :
a<X<o+2m.

The fourier series for the function f(x) is the interval is given by
=—+Za cosnx+Zb
n-  Sinnx
1 o+2m
a, =— J.f(x) dx

Where T %

1 o+2mn

a,=— J.f(x).cos nx.dx
n o
1 a+2n

n

b, =— [ f(x).sinnxdx
T

a

These values of ao, a,, b, are known as Eulers formulae.

2n 2n
a=0, a,= 1 J.f(x).dx, a, = 1 J.f(x).cos nx.dx
If T

211
=— _[f(x .sinnx.dx

a=-T T n
a, = 1 jf(x)dx, a,=— '[f(x).cosnx.dx, b, = 1 J‘f(x).sin nx.dx
T - n - n -7
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5.5 Even and Odd function :
A) A function f(x) is said to be even if f(-x) = f(x)
For example : cos x, secx, Xz, X, .... are even functions.
B) A function is said to be odd if f(-x) = -f(x)
For example : sinx, cosecx, tanx, cotx, X, X3, Xs......... are odd function.
Note : 1. even function x even function = even function.
2. even function x odd function = odd function

3. odd function x odd function = even function.

jﬂxwx=o
4. % when f(x) is odd function

jﬂxmx=2xjﬂxmx
5. Za 0
Example : Obtain the Fourier series for f(x) = ex  0<x<2m.
Ans. :
Step -1 Write the function f(x) . Here f(x) = e«
Step -2 Write the interval, here interval is (0, 2x)

, When f(x) is an even function.

x_ 8 ~ - ,
e :?°+Zan cosnx +» b, sinnx
n=1 n=1

Let

Step -3 Find ay, a, and b, using Euler’s formula.
-2n

2n 2n
a, =%E|;f(x)dx=%.(|).e"‘dx=%[—e‘xE7r =—%[e‘2’T —e°]= 1-e

T
1 2n 1 2n i
a,=— J.f(x)cos nxdx = — .[e"‘ cosnxdx
o T

1
=n(n® +1)
1
n(n? +1)
1

R P2 T
_nm2+ﬂk (~1+n.0)—1(~1+0)]

1_e—2n 1
— T "n%+1
(1—e2“J1 (1—e2“J1
a1: _7a2: =
T 2 n S e,

2n 2n
b, = 1 J.f(x)sin.nx.dx 1 J.e"‘ sinnxdx
n 0 n 0

[e”‘(— coSsNX +Nn.sin nx)En

{[e’z“(— cos(—2nm)+n sin(—2nrc)]— e’[-cos0+nsin O]}

Finally,
1

= TE(n2 + 1)
1
= Tt(rl2 + 1)

[e”‘(—sin NX —NCOSNX) :En

{[e*z"(—sin 2nm —ncos 2nn)]— [e’o (-sin0-ncos 0)]}
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' Je#5(-0—n)—1(-n)]

= n(n?+1)

1 _ a—2n
k [n—nefz”] 1-e o
_n(n”+1) - T n? +1

_a—2m _a—2n
o (121, _(1-e™)2
TE 2 n 5 -----------------------

Step -4 Substituting the values of a,, a., b, in (1) we get
x Qg .
=2 ) b,.
e == +)_a,.co8NX + » b, .sinx

1-e2" |1 1-e2" Jcosx (1-e7?")\cos2x
= —+ + T
o 2 o 2 T 5
1-e2" \sinx (1-e2"\2 .
+ + —Sin2X +.......
T 2 o 5

Example : Find a Fourier series to represent x - X, from x = -n to X =n
Solution :

a, <~ - .
x—x*=24%"a, cosnx+) b, sinnx

Let 2 n=1 n=1
n 2 3|
a,=— (x—xz)dx=1x——x—
Then e n2 3,

|
QA=
—
N |3
|
w|a,
N——
/lﬁ\
N |3
J’_
w|a,
o

a,=— _[(x —x?)cosnx.dx
I

-7

sm nx

) _{( ~ J'“ o s.lnnxd T
1{(X_xg)sinnx _1{(1_2)()[_ cosnxj_j_z(_ CosnxjdXﬂn
- n n n n B
1

Xz)sir;]nx_“_zx)x( co:nxj (2)( s.:gxﬂﬁ

{( B
{{(n )3T (4 pp)%0SNT 2 g nn} {(w —2)SINCT) (4 gy C0SENT) | 2 i nn):}}
n n n n n

n

1{& —n?)o+(1- 271)(‘n12)n N %.o} —{— (n+72).0 + (14 2n) (_nl)n " %.o}}
T

1
=T

n n
[ cos (-nm)=cos n = (-1)]
sin(-nt)=-sinnt =0

l{om—zn)(‘?n +O}—{O+(1+2n)(_12)n }}
T n n
1{(1—2 )( 1 ~-(1+2n )( 1 }

T

F—ﬂ“_2n«4r_x—n“_2n«4r}

n? n? n? n?

{60}



= n = n
4 4 4
a1_1—2, a, 2—2 33_9—2 ..................
b =—J.x x?)sinnx dx

1 (X_Xz)(_ cosnx ‘_[(1—2X)(— COSnXJdX}“
= n| n n B

1 (x— X2 (_ coSNX +1{(1_2X)smnx_j_23|nnx dXH
| n n n .

= n
_ % (x— X )(_ Co.::;nx (- 2x)x(— si:znxj . (_2)[co:snxﬂ

1{(71—#)[—00“;%) (1-2n )(smnnj %cosnn}
=T n

_{_(TH_nz)(_ cos(—nn)j (1421 )sm( nm) 2cos(3nn)}}
n n

1“:_(75_nz)ﬂ+(1—2n).0—%(—1)n:|—{( )L (s om0 2( Ui }}
TT n n n

n

]
= N
|
a
|
S| =
N
>
—_~~
—
N—
>
I
|
= N
|
N
|
S|
N
>
I

-2 2 -2
by=2, b, ==
73" 7" 4 andsoon

Substituting the values of a,’s and b,’s in (i), we get

2 n2 COSX C€0s2X c0s3x cos4x sinx sin2x sin3x sin4x
X—-X"=—-——+4 - + - +.on|+2 - + - +
3 12 22 3 42 1 2 3 4
Fourier expansion of even and odd functions
We have already discussed even and odd function
We know a periodic function f(x) defined in (-n,m) can be represented by fourier series

fx_—+ a,cosnx+» b, sinnx
0=+3 >

T

— | f(x)dx
Where ap=" =

a, = 1 If(x)cosnx dx
T

b, = 1 J.f(x)sinnx dx =0
T
Case - | When f(x) is even function
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f(x) is an even function and sin nx is odd function, so f(x). sin nx is odd function

—jf(x .sinnx dx =0

b, =

Its Fourier expansion contains only a, and a..
ag = 2 f(x)dx

where T

a, = g_[f(x)cos nx dx
'

Case Il when f(x) is an odd function,

a, :%If(x)dx:o

a, = 1 J.f(x)cosnxdx =0
n T
(since f(x) is odd function and cos nx is even function, so f(x) cos nx is odd function)

b, = 1 j F(x)sinnxdx = > [ £(x)sinnx
7 - % 0

Thus if a periodic function f(x) is odd the fourior expansion contains only b,

Y

b, =g f(x)sinnx dx
where To

o Its fourier expansion contains only b,
Example : Find the fourier seris to represent the functin f(x) = [cos x|, ~ *=X=T
Ans. If f(x) = |cosx|, expand f(x) as a fourier series in the interval (-x, w).
As f (-x) = |cos(-x)|=|cosx]| = f(x),
So, [cos x| is an even function.
f(x)_?+2a cosnx

n/2
a, :—'|‘|cosx|dx—2 I cos xdx + '[( cos x)dx
where To nl2

/2 |sinx|z,2}=;[<1—0>—(0—1)]=

[ cos x is -ve when nt/2<x<r]

2{Ismx|

?—]I-b‘——‘

oY)

n :—I|cosx|cosnxdx
and T

nl2 b
J.cos xcosnxdx + J.(—cos X)COoSNX dx}
= 0 nl/2

?—]I—\

(n/2
j[cos (n+1)x +cos(n —1)x]dx — I[cos(n +1)x + cos(n —1)x] dx]
= nl2

n(n+1)x  sin(n —1)x|“/2 _|sin(n+1)x , sin(n —1)x|" }

- | n+1 n-1 |o | n+1 n-1 |T[,2
1 sm(n+1n/2 sin(n—1)r/2 N sin(n+1)n/2+sin(n—1)n/2
-7 n+1 n-1 n+1 n-1
2(cosnn/2 cosnn/2\ —4cosnm/2
- - = 5 (n=1)
=n\ n+1 n-1 n(n° —1)
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0 n/2

n/2
a, = 2['[003 xdx — _[cos xdx}—o
In particular T

2 41 1
|cosx|=—+—<—=C0S2X ——COS4X +...
Hence n (3 15

5.6  Fourier series for function having points of discontinuity :
If the function f(x) have finite no. of discontinuities in one period i.e. its graph may
consist of a finite no. of different curves given by different equations, then also it can be

expressed in fourier series.

Mathematically : If in the interval (o, +2n), f(x) is defined by
{ d(X),a<x<c
f(x) =

(X),c<x<a+2n

e c is the point of discontinuity
o+2mn
a, =1 j¢(x )ax + j(p x)dx}
then T
B a+2m
a, = 1 I¢(x )cosnxdx + j@ X)Cos nxdx}
n o C
1 (c a+2n
b,=— Icl)(x)sinnxdx+ I(p(x)sinnxdx}
n o [
Example :

Find the Fourier series expansion for f(x), if
-, —n<Xx<0
f(x) ={

X, 0<x<m
1 1 1 3 n_2
Deduce that 12 32 52 """ 8
Solution :
—+ a,cosnx+ » b, sinnx
Let f(x)— nz; Z
aozl J' dx+jxdx] [ rx°, [x IZH ( 42 2)= g
Then i e 0
o n . 0 . n
an=1 I(—n)cosnxdx+fxcosnxdx]=1[—r{smnx} J{xsmnercosznx} }
T 0 I n |, n n 0
=1[0+izcosnn—iz}=L2(cosnn—1)
T n n 7N
a,=——,a,=0a,=————,a,=0,a, =— etc.
LR $ 32t ° .52
0 b1 0 . b1
b, =l[j(—n)sinnxdx+Ixsinnxdx}=l{n{cosnx} j{_xcosnx + smznx} }
Finally = 0 T L n n" Jo

= 1[EU - cosnn)—Ecosnn} = 1(1 —2cosnn)
TN n n
1 1
b1 3 bz—'z b3—1 b4—'4 etc.
Hence substituting the values of a,’s and b,’s in (i), we get
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2( cos3x cos5x
=~ —=|cosx+

fx)=-4 = 32 52
which is the required result.

Putting x = 0 in (ii), we obtain

Now f(x) is discontinuous at x = 0. As a matter of fact

f(0 - 0) = -r and f(0+0)=0

T T

— —12+—2+—2 ....... ==
i+_+i —_2
12 2 5 T

Long Questions with Answer

1.

Solution : The given function is
—T<X<TW

f(x) = x,

The fourier series of the given function is

T

] . sin2x 3sin3x sin4dx
..... +3sinx — -
3 4 ....(ii)
T 2[ 1 1 )
1 —2+—2+ ..... 0
4 x 3 5 ..(iii)

Express f(x) = x as a Fourier Series in The interval -

a 0
x=—°+2a,cosnx+
n=1

1jf(x)olx
Then a;= ™=
171:
— | xdx
|
O S Sl P
| 2 T 2 2| o

l]af(x)cosnx
= 7[,,[

an
1J.xc:osnx dx=0
= TC,TE
l.[f(x)sinnxdx
b, = T 5

1jxsinnxdx
T

-7

= T
r K
1 —cosnx cos nx
—| X. +I dx
- n n
- L =T
1[-xcosnx 1 . i
—|————+—sinnx
= n| n n .

:x.jsin nx dx — J‘dix(x)'[sin nx deI
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{ f(x) =%{f(x +h)+f(x— h)}}

1[f(O -0)+f(0+0)]

~f(0)= 2
2{1+i+i }
Attt
r_rm
4 4
(Proved)
TSXST

> b, sinnx

n=1

(Since f(x)is odd function and cosnx is even
function, so f(x) cosnx is odd function)



1| —wcosnt sSinnt mwcosnm Sinnw
= tT T T
=T n n n n
1[—2ncosnn+23innn} sinnt=0
2
_ T n n cosnm = (-1)"

AN

.[‘—”j.(—n”
n

(_1 )n+1

1l
SN

—+z Ocosnx+z (=1 sinnx
So fx)=2 &

2.  Obtain fourier series for f(x)=|x| in the interval —1<Xx<m7,
L n°

_2 + _2 + _2 EEE)
Hence show that 1° 3 5 8
Ans. Here f(x)=|x|
f(-x)=|-x|=|x|=f(x)
Hence f(x) is an even function

%o Z a, cosnx
Fouries series of f(x) = 2 5

a

ZTf(x).dx, f(x) is even
0

jf(x).dx:
We know 0, f(x) is odd
gjf(x)dx
do = TEO
T T n 2
gJ.|X|d ZJ-xdx Z{X_} E{X__O}
_Ty _Ty _n| 2 0= 2 _
ij(x)cosnxdx
- T
a,= "0
_Ty _Ty _T n o n
g[xsinnercosnx} EHRSInnnJFCOSznnj_(OJFCoioﬂ
- n n> |, =T n n n
2|04 (1) 1 2[(1)—1]
=T n> n?| -
T ~ 2[
Py — (=1~ ]cosnx
Hence f(x)= 2 Z
s 2 -2 2 2
—+— Tcosx——cosBx——cosSx ........
=2 n|1 3 5
n 4|cosx cos3x cosbx
| Tt o e
=2 x 1 3 5
Puttingx =0
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n 4|cosO cosO cosO
x| 32 s

foy=2 =
:O:E—i{i+i+i+ ........ }
2 n|1? 3% 5?2
41 1 1 T
;|:1—2+3—2 5—2 ........ :|=E
1+i+i ........ T
1? 32 5?2 24
S L s =
1? 32 52 8
3. Obtain a fourier Series e.,, from X=-T to X=T7,

T
Hence derive series for sinh=

Solution : Given f(x) = e
Hence the fourier series for f(x) is

a—°+Z(an cosnx +b, sinnx)
fix)= 2 =
1_[f(x)dx
Herea,= ™ &
—Ie‘axdx
l e*aX T
_nl-a |
—1 —an an
—le™ -e
RIS
1 an —an
e e
e

1 ja(x).cos nx dx
Y

an = -
1 je’ax cosnxdx
- TC,T[
ax
J-ea" cosbx dx = ———(acosbx +bsin bx)}
a“+b

1{ Zeaxz(—acosnx+nsinnx)}
_ n|a’+n B
% [e“"11 (-acosnn +nsinnn) - e**{-acos(-nmn)+n sin(—nn)}]
= TE(a +Nn )
1 —an - _ n _ an - _ n _
_ m[e La(-1y +0}-em{ a1y —of
1 —an _ n an _ n
_ m.[—e .a( 1) + ae ( 1)]
a(_1)n an _ . -an
n(a2+n2)'(e © )

f(x)sinnx dx

&

1}

al-
?_‘l'—..‘-l 1
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1 Cax
—J.e & sinnx dx
T

ax

J.eaxsinbxdx= >—— (asinbx —bcosbx
a“+b

1| e™ "
—|——— (-asinnx —ncosnx)
- m|la“ +n .

1 [e‘a“(—a sinnzt —ncosnr) - e (—asin(-nm) —ncos(- n“))]

= n(a® +n?)
1

o e—an 0-=n(-1 n _earc 0-n(-1 n
=n(a2+n2)[ ( ( )) ( ( ))]

—[n( 1™ —n(-1e ]
= n(@®+n

n(_1) an —an

e o]
= TE(a +n )

el +2 A (e o). cosnx+z (ean‘e_an)smnx

Hence f(x) =  2am i (@’ 4 ) n(a )

smhan+z 2a(-1) sinharmcosnx + » 2 sinhansinnx

- an -1

n(a2+n2) “~ m(a® +n?)
. 2(-

25|nha
Z

= a+n

2sinhan | 1 & (—1)” (-1)" .
—{Z+Z{2 ~aCoSNX + ————nsinnx

T “~la‘+n a‘+n
2sinhan {1 acosx acos2x acos3x } {—sinx 2sin2x  3sin3x
— + - Foe, + -
- T 2a 1+a%? 4+a? 9+a® 1+a®> 4+a®> 9+a°
4. Find the fourier series of the function
f(x):{xz, 0<x<m _{—xz, —t<x<0

-x2, —n<x<0 x%, 0<x<nm

Dk 5 sinhansinnx

(a sinhancosnx)
21 n(a? +n?)

% Za cosnx + Zb sinnx
Solution : The fourier series of given function is f(x)= 2 n=1

f(x)dx
Here ap= ™

1 _Tf(x)dx + jif(x)dx]
0

a

1{ e Tc‘ql
— __+_
_T 3 3] =

1 If(x).cosnx dx
a="
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0 T
I—x2 cosnx dx+j
-7 0

x? cosnx dx}

{— xzjcos nx dx — J.d—ci((—xz )( cosnx dx)dx}0 +

b

{xz J. cosnxdx — J.%(x2 ).q cosnx dx)dx}

|

0

i

0
1{ —x%sinnx ¢ 2xsinnx } {xz sinnx 2xsinnxdx} }
— +J. dx| + —j
_ |l n n B n n .
11 =x%sinnx 2 . ° x%sinnx 2 . :
— | ————— + =] xsinnxdx + | ———— — =|| xsinnxdx
_n| n n B n n .
1 [ =x%sinnx 2 d °
— =22 4 2 x| sinnxdx — [ —(x .(Isinnx dx dx
_ Tl n n(J‘ J-dx() }jﬂ_n

2 o T
1{M—g[xjsinnxdx—Ii(x)(’[sinnxdxbxﬂ }
n n dx 0
1{x2sinnx 2(—xcosnx coSsNx HO
— +— —I— dx
m n n n n B
[xzsinnx 2(—xcosnx — cosnx ﬂn}
+ —— —_[ dx
n n n n .
2 0
1| =x“sinnx 2 2 .
—1| ————— - xcosnx +—sinnx
_ n n n .

x?sinnx 2
+| =————+ - XCos
n n
- 2

2

n 2

n

|

1 (—(—TC)COSI’]TC)}-F {ncosnn—O}}

1

ol

-2
n2

m4w+%ﬂpw}
n
2

n2

m e -r} _ S - nj=o

A=

1J.f(x)sinnx dx
b, = TC*TE

a

o n
jf(x)sin nx dx + If(x)sin nx dx}
- 0

|

0
I—xz sinnx dx +

-

x? sinnx dx}

a
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T

1

T

a

n

x2cosnx 2
D At

n n2

1 [ {_ x? [ sinnxdx - | {dix(—xz)}([ sinnx dx)}:

+ {xz [sinnxax - {dix x2}q sinnx dx)dx}:]

n

, 0
1 {M _2 (XI cosnxdx — j(i X)(j cos ”de)dXJ}
n n dx r

- - [xjcos nxdx _I[ddx

. 0
x?2cosnx 2xsinnx 2 ¢ .
- +—2I3|nnxdx
n
—T

—X

B 0 T
x2cosnx 2x x?cosnx (2x
——J-—cosnxdx + ——+J.—cosnxdx

n . n 0

Jfessmss |

2

—x%cosnx 2xsinnx
+ +

n n

n n2

x?2cosnx 2xsinnx 2cosnx

. 0
x?2cosnx 2xsinnx 2cosnx
- == + + >
n B n n

3

n n

1 (0_0_ 20030)_[7:2 cosnn  2msinnm ZCosnnJ
n n

2 3

2

n?cosnt  2msinnt  2cosnx 2cos0
+| - + + -{0+0+

n n

3

n 3

n

3 3

n n

4 410" 2r*(-1)"
n’ n n

n=1

|

n nd n’

EE R

n n

{—_2_ () 20w 21 _3}
n

> b, sinnx

{33 {1y —1}—@}sin nx

0, —-m<x<0
2

f(x ={
Q.5 Find the fourier series to represent the function X, O<x<m

Solution : The fourier of given function is f(x) =

T

-

1
T

1 j f(x) dx
Here a;= ™

[Tf(x) dx + jff(x)dx]
- 0

a, - ~ .
?JrZan cosnx + Y b, sinnx

n=1 n=1
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1
a,= "

a

a

—

a

a

jf(x)cosnx dx

o T
If(x)cos nxdx + _[f(x)cos nx dx}
0

L—T

o T
IOcos nx dx +_|.x2 cosnxdx}

n_—n 0
— | x? cosnx dx
T
0
1 xzjcos nx dx —J.[i xzj([cosnx dx}jx}
| dx 0
fr.o2 . . T
1 X smnx_J-szmnde}
| n n
Fr. .2 .. n
l X sinhx smnx_g X Sin nx dx}}
n| N n o

-,
1 M_g{xjsin nx dx—J‘(iXJGSin”XdX)dXH
i n n dx

T

0

- N
x? sinnx 2{ X COS NX I cosndeH

- n n n n 0
1] x?sinnx 2 2 }n
—|——— +—xcosnx — —sinnx
-7m n n n 0
=8, 1 nzsinnn+2ncosnn_23innn 3 OSinnOJrgOcosnO—isinno
-7 n n2 n® n n? n’
1| 7®.0 2n(-1)" 2.0 1 2n(-1)"
——+ -——-(0+0-0 —.
- n{ n n? n® ( ) _n n?
= a,= 2(_2)
n
1 b 1 0 b
—J.f(x)sinnxdx — If(x)sinnxdx+Jf(x)sinnxdx
bn= Tc—n =TE - 0

1
T

T

0 n
[IOsinnxdx+jx2 sinnxdx]
-n 0

x? sinnxdx = 1{xzj‘sin nxdx — I(i XZ](I sinnx dx)dx}
o d

X
0

i

0
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1__ xzcosnx_J‘zx —cosnx ), .
_n n n .

T

X X

1 2cosnx 2

- ——+—Ixcosnxdx
n

- T n 0

2
1 _ X cosnx + 2 {XJ‘ cosnxdx — J-(i qu cosnx dx)dxH
_ T n n dx

1| — x2 cosnx 2{xsinnx sinnx Hn
— +— —J. dx

T

0

- T n n n n 0

_ . i
1| — x? cosnx N 2xsinnx 2cosnx}
0

— +
—n n n? n®
1] (= n2cosnt  2msinnt  2cosnn —0%cosn0  2.0sinn0  2cosn0
o n " n2 i nd - n  p? " nd
- 2 n n
1 M+0+2(_31) +O+O—%}
=n| n n n
_q\n 2 4\
= bnzl{z( 31) _%_M}
| n n n
1| 2 . 2 (=1)"
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Chapter - 6
Numerical Methods

6.1 Algebraic and transcedental equation

The equation f(x) = 0 is algebraic if f(x) is purely a polynomial in x.

For example x; - x+1=0

A nonalgebraic equation is called a transcedental equation.

Example cosx - xe, =0
Introduction :

In scientific and engineering studies, a frequently occuring problem is to find the roots of
equation of the form f(x) = 0. If f(x) is a quadratic, cubic or biquadratic expression, then algebraic
formulae are available for finding the roots; on the otherhand if f(x) is a polynomial of higher degree or
an expression involving transcendental function, algebraic methods are not availble for finding roots in
such cases we have to take help of numerical methods for finding an approximate root of the
equation.

6.2 Iterative Method :

This method consists of repeated execution of the same process, where at each step the result
of the preceeding step is used. This is known as iteration process and is repeated till the result is
obtained to a desired degree of accuracy.

For finding the solution by Numerical Method.

There are different types of methods but in our syllabus, we have

i) Bisection method

i) Newton-Raphson method (N-R mehtod)

6.2.1 Bisection method :

If a function f(x) is continuous in the closed interval [a,b], f(a) and f(b) are of opposite signs,
Then there exists at least one real root of f(x) = 0, between a and b.

Fig.

Y

Working Procedure :

Let f(x) = O be either algebraic or transcendental equation. Then successive approximation to its
roots are obtained as per the following steps.

Step-1 Choose two values x = a and x = b such taht f(a) and f(b) are of oposite signs i.e.

f(a) x f(b) < 0
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Step -2

Step -3

Step -4

Note :

Note :

Example :

If a<b, then the root lies in the interval [a,b] and the 1st approximate root is the midpoint of
a+b

Xy =
[a,b]i.e. 2

If f(x1) = 0, then x, is the root of the equation;
. = atX
else if f(a) and f(x,) are of opposite signs, then 2nd approximate root is 2 2
_b+x

X
else if f(x4) and f(b) are of opposite signs then the 2nd approximate root is 2 2

Repeat the above procedure to obtain the successive approximate roots x;, X, and so on.
Until getting desired accuracy. i.e. correct upto one decimal places or two decimal places
or in three stages or four stages likewise.

Correct upto one decimal point means the 1st digit after decimal point is same in previous
stage and current stage. Correct upto 2 decimal places means the 1st two digits after
decimal point are same in previous stage and current stage. Three or four stages means
repeat the method three times or four times.

We have to choose the initial interval where the root lies by trial method we can test both

for -ve and +ve values of x. It is convenient to calculate for small no.i.e.-1,0,1,2 .......

Find real root of equation x; - 4x - 9 = 0 using the bisection method in four stages.

Solution :

Step 1: Given f(x) =x;-4x-9

Step 2:

Step 3:

Step 4 :

Step 5:

f(0)=-9<0
f(1)=1-4-9=-12<0
f(2) =-9 <0
f3)=6>0
f(2) xf(3) <0 so root lies between 2 & 3
2+3
X»] =
2 =25
f(2.5) =-3.375<0
f(2.5) x f(3) <0 so root lies between 2.5 & 3

‘- 2.52+ 3 575

f(2.75) = 0.796 > 0

f(2.75) x f(2.5) <0 so root lies between 2.5 and 2.75
Xy = MT“L% ~2.625

f(2.625)=-1.4120<0

f(2.625) x f(2.75) < 0 so root lies between 2.625 and 2.75

X, = 2.6252+ 2.75 _ 26875

f(2.6875) =-0.3391 <0

hence, the real root is 2.6 correct upto two significant figure in four stages.
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6.2.2 Newton - Raphson Method :
Derivation of Newton’s formula for finding the root of f(x)= 0
Let x, be an approximate root of the equation f(x) = 0. If x; = X, +h be the exact root,
then f(x;)= 0.

By expanding f(x,+h) by Taylors series.
2

N .
f(Xo+h) = f(X0)+hf (X0)+Ef (XO)+ ........ =0

Since h is very small, neglecting h, and higher power of h, we get
f(xo)+hf'(x,)=0

f(Xo)

= f'(%o)
A closer approximation to the root is given by

f(Xo)

T R (x,)
f(x4)

X, =
Similarly LT f(x)

k)

+1 '
............... in general "f(x,)
Which is known as Newton Raphson formula or Newton’s Iteration formula.

Note : The order of convergence of NR method is 2
Uses : This method is convenient to use when the curve y = f(x) intersects x-axis is nearly vertical.
Fig

Y,

0

Working procedure for NR method
Let f(x)=0 be the algebraic or transcendental equation.

Then the successive approximations to the root of the equation are obtained as per the
following steps.

Step1: Find [ (X)
Step 2: Choose x = a and x= b be two values of x such that f(a) and f(b)are of opposite sign.
Step 3: Choose x, [a, b] as the initial approximate root of the equation.

Step4: The next successive approximations to the root are given by
_ f(xo) . =X f(x4)

) T )
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f(x,)

f'(X2) and so on upto the desired accuracy by putting n=0, 1,2, 3 .......
_ . f(xq)
n+1 = n '
in general formula f'(Xq) .
Useful deduction from the Newton Raphson Formula :

3 =X;

1 Xn+1 = Xn(2_NXn)
1. lteration formula to find N is
. . \/N . Xn+1:1(xn+N/Xn)
2. Iteration formula to find is 2
N 1 N
Xpyq = R{(k =X, + ﬂ:|
3. Iteration formula to find is Xy
1 1 1
= Xn+1 = _(Xn + _)
4. lteration formula to find YN is 2 NXx,
1
Proof : (1) Letx=N
N=
= X
1 -N=0
= X
1N =7
Taking f(x) = x ,
Then Newton’s formula gives
Xn+1:Xn_f.(Xn) 1N s [Nk X, + X, —Nx2
f'(%,) X A
Xn ===
= — Xn = =
= 2x,—Nx2
= Xn+1 = Xn (2 - NXn)
Proof : (2) Letx= VN =x*-N=0
Take f(x) = x, - N, f'(X)=2x
f(x,)

n1 =™ T ol

By Newton’s formula, f'(x,)
CXE-N_2xX2-x2+N X2 +N

- " 2x

Xn+1 =4 Xn +—
Hence, 2 Xy

Proof : (3) |_etx=‘§/ﬁ = x*-N=0

n

Take f(X)=x“ =N, f'(x)=kx*"

_ f(x,)
I oo
By Newton’s formula, "of(x,)
X =N kxg=x5s+N - (K=1x5 +N
n

(= k—1 k—1
= kxp, kxp, = kxj

1 N
Xnst = E{(k =, + w}
Hence, Xn
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Proof : 4 Let N N
x> —l, f'(x) = 2x
Take f(x) = N
f(x,

Xn1 =X, — YN
By Newton’s formula, f'(Xq)

(xﬁ—ljl) 2x§—x§+'jl x2 +

Xy — = =
= 2X, 2X, 2X,

Xn+1 = 1|:Xn + :|
Hence, 2 Nx,

Example :

1
Evaluate 31 by Newton’s iterative method(Correct to four decimal places)

1

Proof : Letx = 31
1

— =31
= X
1 -31=0
= X
13 f'(x)z__;:_x—2
Taking f(x) = X we have X

Then Newton’s formula given

bl
f(xn) X Xn

=X —— = _
n+1 n f'(Xn) n —X;Z
Xpo =X, +| ——=31|x],
= Xp
— X=X, +X, 312 =x,(2-31x,)
SO, X1 = Xn(2_31xn)

1

Since an approximate value of 31 -

Let xo =0.03
X1 = Xo(2-31%0)= 0.03(2 -31x0.03)=0.0321

X, = X,(2 - 31x,) = 0.0321(2 — 31x0.03226) = 0.03226

0.03

X3 =X2(2-31. x2) = 0.03226 (2-31x0.03226) = 0.03226

1 0.03226

Since x; = xzupto 4 decimal places we have 31

Example

By applying Newton’s iterative method twice, Find a real root near 2 of the equation x,-12x+7=0
Solution Given x, - 12x +7=0

=  f(X) = x,-12x+7
step1 (¥ =4y, 12 = 4(x, - 3)

Step 2 X 0o 1 2 3
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fx) 7 -4 -1 52

One root lies in [0, 1] and another root lies in [2, 3]
Taking xo = 2

f(Xo) = 24+-12x2 +7 = -1

f'(x,)=4(2° -3)=20

Xy =X, —%:2—;—3=2+21—0:2.05

f(x4) = (2.05), - 12(2.05)+7=0.06101

f'(x,) = 4[(2.05)* — 3] = 22.46052

X, =X —M:205—M:2.04728

277 f(x) T 22.46052
So, the real root by Appling Newton'’s iterative method twice is 2.048

Important long questions with solution.

1. Find the root of following equation using the bisection method correct up to two decimal

placex; — 5x + 1 = 0 which lies between 2 and 3.
Solution : Given f(x) = x; — 5x + 1
and the root lies between 2 and 3.
Now f(2)=2;-52+1=-1<0
f(3)=3;-53+1=13>0
f(2).f(3) < 0, so root lies between 2 and 3,

Step-1
+ve +ve
2+3 -ve
Xy = > =25 |— | —I
f(2.5) =4.125>0 — IX1 J3
f(2.5) . f(2) < 0, so root lies between 2 and 2.5.
Step-2
2+25 ve e tve
Xy = —=2.25 [ | N
2 L | _
f(2.25) = 1.140625 > 0 5 X2 25
f(2) . f(2.25) < 0, so root lies between 2 and 2.25.
Step-3 ve
-ve ) +ve
X, = 2525 _ 5 425 - | —
2 C | _
f(2.125) = - 0.02929688 < 0 Xs 295
f(2.125).f(2.25)<0, so root lies between 2.125 and 2.25.
Step- 4 ve tve +ve
2.125+2.25
LTSS 21875 [ | ]
X 2 C | .
f(2.1875) = 0.5300293 > 0 2125 Xa 225
f(2.125).f(2.1875)<0, so root lies between 2.125 and 2.1875.
Step-5 ve tve +ve
2.125+2.1875 — | ]
Xg = =2.15625
° 2 L | _
f(2.15625) = 0.2440490723 > 0 2125 X5 21875
f(2.125).f(2.15625)<0, so that the root lies between 2.125 and 2.15625.
Step-6
-ve tve +ve
{77} [ | ]
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2.125+2.15625
Xg =
2
f(2.140625) = 0.1058082581 > 0
f(2.125).f(2.140625)<0, so that the root lies between 2.125 and 2.140625.

Step-7

=2.140625

| 2.125+2.140625 ve +ve
X, = > - 2.1328125 [ | ]
f(2.1328125) = 0.0378651619 > 0 . s
f(2.125).f(2.1328125)<0, so that the root lies between 2.125 and 2-1328125. '
Step-8
. i +ve +ve
g, - 2125421328125 ) 1000 ve
2 c [ I ]
f(2.12890625) = 0.004186689854 > 0 - ~
Xsg 2.1328

2.125

f(2'1_?5) . f(2'1_? 890625)<0, so the root lies between 2.125 and 2.12890625.
2.125 + 2.12890625
Xg =
2
2.126953125

Hence our root is correct upto 2 decimal places. i.e. x = 2.12

Q. 2 Using Newton’s Raphson formula, find the root of the equation correct upto three

decimal places xe;—2=0
Ans. :

Given xe,—2=0

= f(x) = xex— 2

f'(x)=e* + xe*

= (1 + x)e..

f(Xa) = Xn€xn — 2
and f(x)=(1+x,)e™

x =0 1

f(x)=-2 0.718

The root will lie between 0 and 1.
_0+1

. XO = = 0-5
Taking 2
f(x,
Xnp1 =Xy _M
f'(xq)
L, X,e7-2
(1+x,)e*"
_X,e" +x2e*" —x,e " +2
(1+x,)e*"
2+ x%e™
= Xn+1 =
(1+x,)e*"
Now X, = 0.5
2 X0
X, =2 X®__ (975374213
(1+x4)e*
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2+ x%e"

x, = _0.8633591061
(1+x,)e™
2 X4
x, = X227 *2 _ 8506039231
(1+x,)e*
2 \X31
x, = X8 +2 4 850605508
(1+x5)e™

Hence, our problem is correct upto four decimal places, i.e. x = 0.8526

Q. 3 Evaluate 3/41 to four decimal places by Newton’s interative methods.
Ans. :

Let x =%/41

= x> =41

=x*-41=0

~f(x)=x>-41 S f(x,)=x3 — 41

f'(x)=3x* f(x,)=3x2

x= 1 2 3 4

f(x)=—40 -33 -14 17

f(3).f(4)<0, so that the root lies between 3 and 4.
3+4

X =
Let

The next approximation will be obtained by
x2—41 3x3-x2+41
33X B 3x2
2x3 + 41
nel = W
As x,=3.5
2.5+ 41

1
3x3

3
x, = 21+ 41 _ 3 448217909
3X]

C2x3 41

3
3x5

=3.5

n

=X

=3.448979592

=3.44821724

Hence our problem is correct upto four decimal places, i.e x = 3.4482.
Q. 4 By Newton-Raphson method, find real root of the equation log x — cos x =0
Ans. :

Given thatlog x —cos x =0

= f(x) =logx —cos x

f'(x)=1+sinx=—1+XSInX
X X

~.f(x,)=logx, —cosx,
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_1+x,sinx,
X

f(x,)

n

f(x) = log x — cos x
f(1) =log (1) — cos (1) = -0.54<0
f(2) = log (2) — cos (2) = 0.717>0
~f(1)f(2)<0

root lies between 1 & 2

Choose xo=1.5
Xn =X, _M
f'(x,)

logx, —cos X,

" 1
— +sinx,
X

n

X“(x1 +sinx,)—(logx, —cosx,)
n

(i +sinx,)
Xn

_1+x,sinx, —logx, +cosx,

i+sinx
X, "
Forn=0
1+ X, sinx, —logx, + cos X,
X = 1
— +sinx,
Xo
_1+(1.5)sin(1.5) —log(1.5) + cos(1.5)
i+sin1.5
1.5
= 1.436692414
Forn=1
X, = 1+ X, S|n>;1 —logx, + cos x, 142266718
— +sinx,
X1
Forn=2
X, = 1+ X, S|n>;2 —logx, +cosx, _ 1419407466
— +sinXx,
X2
Forn=3
1+ X5 sinX; —logX; +COS X4
— +8inX,
X3
= 1.418642097
Forn=4
X = 1+ X%, S|n>;4 —logx, +cosx, _ 1418474302
—+sinXx,
x4

My problem is correct up to 3 decimal i.e. 1.418
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Q. 5 Using besection method, find the real root of the equation x + log x = 3.375, correct up to

three decimal places.
Solution :
X +log x = 3.375
= XxX+logx—-3.375=0
f(x) = x + logx — 3.375
log0=w,log1=0,log2=.3010, log 3 = .4773
f(1)=1+log (1) —3.375=-2.375<0
f(2) =2 +log (2) — 3.375 = -1.0739<0
f(3)= 3+log(3) = 3.375 = 0.1021>0 f(2).f(3)<0
So root lies between 2 & 3

Step-1

2+3
X1: 2 =

f(2.5) = 2.5 + log (2.5) — 3.375 = -0.477<0
f(2.5).f(3)<0
root lies between 2.5 & 3

Step-2

2.5

_25+3

, =
f(2.75) = 2.75 + log (2.75) — 3.375=-0.185<0
f(2.75).f(3)<0

root lies between 2-75 & 3.

Step-3

2.75+3
3 =

f(2.875) =2.875 + log (2.875) — 3.375 = —0.041<0
£(2.875).f(3)<0

root lies between 2.875 and 3

=275

=2.875

Step-4

_2875+3 _ 2.9375

X4
f(2.9375) = 2.9375 + log (2.9375) — 3.375= 0.03>0
f(2.9375).f(2.875)<0

root lies between 2.875 & 2.9375
Step-5
2.875+2.9375
X5 =
2
f(2.90625)=-5.417 x 10_,<0

f(2.90625).f(2.9375)<0

=2.90625
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root lies between 2.90625 & 2.9375

SteP'G -ve +ve +ve
2.90625 + 2.9325 F | -
Xg = —2.921875 ois
2 2.90625 : 2.9373
f(2.921875) = 2.921875 + log (2.921875) — 3.375 = 0.0125>0
f(2.921875). f(2.90625)<0
root lies between 2.921875 & 2.90625
Step-7 lie tve +lei
|
X, = 2.90625 +2.921875 _ 29140625 = | ]
2 2.90625 2.9140 29218
f(2.9140625)=3.561 x 10_5>0
root lies between 2.9140625 & 2.90625
Step-8
Xg = 2.9140625 +2.90625 291015625 ve -ve -
2 C | ]
f(2.91015625) = 2.91015625 + log (2.91015625) — 3.375 [ | _
= —8.66 x 10_,<0 2.90625 2.9101 2.9140
Step-9
X, = 2.910156252+ 2.9140625 2912109325
f(2.912109325) ve +ve Ve
=2.912109325+l0g(2.912109325 - 3.375 [ | ]
=1.317x10,>0 L I _]
f(2.912109325) x f(2.91015625) < 0 2.9101 29121 29141
So root lies between 2.912109325 and 2.91015625 °
Step -10 ve +ve +ve
2.912109375 +2.91015625 2911132813 |— | ]
X10—= 2 |_ | _l
f(2.911132813) 2.9101 2.9111 2.9121
=2.911132813 + log(2.911132813)-3.375 = 1.948 x 10.:>0. X10
f(2.911132813). f(2.91015625) < 0
So root lies between 2.911132813 & 2.91015625
-ve ve +ve
Step - 11 - | =
2.911132813 +2.91015625 — 2 910644532 [ 29|106 _
Xq1 = 2 2.9101 . 2.9111

f(2.910644532)= 2.910644532 + log(2.910644532)-3.375 = -3.662 x 10., <0

f(2.910644532).f(2.91132813) <0
So the root is correct up to 2-decimal places i.e. 2.91
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Chapter -7
Finite Difference and Interpolation

7.1  We can find value of y for any value of x, when the function is defined but when a function
y = f(x) is not defined, for some set of values of x, values of y are given
X D CHD ¢S Xn
y Yo o Vi Yo Yn
then the process of finding the values of y corresponding to any value of x = x; is called
interpolation.
Thus Interpolation is the process of finding the value of the function for intermediate value of
dependant variable x when the function is not given.
The process of finding value of the functions for some value of dependant variable outside the
range is known as extrapolation.
The study of interpolation is based on the concept of differences of a function.
We have two types of difference in our syllabus.
They are (1) Forward differences
(2) Backward differences
Suppose a function y = f(x) is tabulated for equal spaced values of x = X,, Xoth, X,*+2h, ......
Xo+nh giving y = Yo, Y1, Y2, «eeeeee. Yn.

1. Forward difference : Then the differences y. - yo, Yo-¥i......... Ya-Yn are denoted as VYo, Y1, ....Yn1
are 1st forward differences. Where is the forward difference operator.
i.e. AYn= Va1 - Yn

Ny, =A(AYg) = AlY1 —Yo)
=AY —AYg = (Y2 = ¥4)— (V1 - Vo)
=Y2-Yi-Yit Yo

AYo = y,-2y1 + o

Proceeding likewise, &'Y0 =¥n =N Yn1 +Mc, Yoo F-orrereer +(=1"Yo
Forward difference Table -
Value of value of 1st diff. 2nd diff. 3rd diff 4th diff. 5th diff.
X y
Xo Yo
Ay,
X1=X0+h Y1 A2yO
Ay, A3y0
X2=X0+2h Y2 A2y1 A4yO
Ay, A3y1 A5y0
X3=Xo+3h Ys A2y2 A4y1
Ay, A3Y2
X4=Xo+4h Y4 A2y3
Ay,
Xs=Xo+5h Ys

In the above difference table, x is called the argument, y is the function or the entry, vy, is the 1st
entry and the leading term Ao, A%Yo, A%y, A'y,, AV, are called the leading differences.
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2. Backward differences

The differences yi-yo, Yo-Y1, -..... Ya-Yn1 denoted as v Y1, v NZ I v Ya respctively are called 1st
backward differences. Where v is the backward difference operator.

ie. VYo =¥n = Yo
v Yo is not defined.

Backward difference table-

Value of value of 1st diff. 2nd diff. 3rd diff. 4th diff. 5th diff.
X Y
X Yo
Vy,
X1=X0+h Y1 v2y2
Vy, Vsys
X2=Xo+2h Y2 v2y3 V4y4
Vy; V3Y4 Vsys
X3=X0+3h V&) v2y4 V4y5
VY, V3y,
X4=X0+4h Ya V2y5
Vys
Xs=Xo+5h Ys

In the above difference table, x is called the argument, y the function or the entry, y, the 1st
entry is the leading term

Note : Ao =V"y,
Example :
Evaluate (i) A (tan.x) (i) A%e* (i) ¥ cosx taking h = 1

Sol. i) f(x) = tan.x
f(x+h) = tan.(x+h)
A f(x) = f(x+h)-f(x)

A tan_,x = tan.y(x+h)-tan.;x
tan™" X+h-x
1+ x(x +h)

a0
= 1+hx +x

Where h is the interval of difference
i.e. h=X4-X=Xo - X1= .......

if h = 1 i.e interval of difference being unity.

Atan™'x = tan‘(;zj
1+ X+ X
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iy f(x)=e.
f(x+h) = e
A f(x)= f(x+h) - f(x)
A €y = Ex+h=€x = €4.64 - &4
= een-1)

fh=1 2
A

ex = efe-1)

=" (M)

Ale*(e" — 1)1 = (e" - 1a(e*)
(" - 1)e*(e" - 1)]

= (eh'1 )zex

iii) f(x) = cosx
f(x-h) = cos(x-h)
V (%)= f(x)-f(x-h)

=cosx-cos(x-h)

()
o))
_Zsinv(x—ij{— j

[ ] sin
when h=1, cosx =-2sin

Difference of a polynomial

We know that the expression of the form f(x) = agX, + @iXp1 + e + a,.x+a, where a,’s are

+*
constant (a, 0) and n is a positive integer is called a polynomial in x of degree n.
Theorem :

The 1st difference is a polynomial of degree n is of degrees n-1, the 2nd difference is of
degree n -2, and the ny, difference is constant. While higher difference are equal to zero.

The converse of the theorem is also true which stated that if ny, difference of a function
tabulated at equally space intervals are constant, the function is a polynomial of degree n.

Example : Form the suceessive forward difference of axs, the interval being h
Solution : Here y = f(x) = axs
We know that 2Yo = Y1~ Yo = f(x+h) - f(x)
A(ax®)=a(x +h)® —ax?
= a(x® +3x*h + 3xh? + h®*)-ax®
= a(3xzh + 3xh; + h;)
Ay, = Ay, - Ay,
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K2(8X°) = a3(x+h)h+3(x+h)h, +h] - a[3xsh+3xhs +h]
= a{3x;,h+6xh,+3h;+3xh,+3hs+h; - 3x;h - 3xh,-hs} = a{6xh,|+6h;}
Ayo = Ay, ~ Ay,
A’ (ax’) = a{6(x+h)h,+6hs}-a{6xh,+6hs}
= a{6xh,+6h;+6h;-6xh,-6h;}
= 6a h; = constant.
Ay, = Ay, - Ay,
A%(ax®)=6ah® -6ah® =0
Here it shows that the third differences of a polynomial of third degree is constant & the higher
difference are zero.
7.2 Shift operator (E)
Shift operator is denoted as E is defined as E f(x) = f(x+ h)
i.,e. Eyo=Yy; E.yo= E(Eyo)

Ey: =y = E(y1)
:y2
Eyn = yn+1 EnyO = yn

Inverse shift Operator (E.1) :
Inverse shift operator E.; is the operation of decreasing the argument x by h. i.e. E4f(x) = f(x-h)
E.1¥n = Yo
Eayni= Yoz oo
E.y2 =y E.iy1 = Yo
Note : E.1 yo is not defined.
Relation between A, v and E :
) A=E-1 i) ¥ =1-E, ifA=E ¥ =" E
Proof :
i) Ay =Yni-Yn
= Eyn - ya = (E-1)yn
=  A=E-1
i)Y Yo = Yoy
=Y¥n- Eays
= (1-E)yn

~  Va1g,

iii)  Ay,=yna-y,
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= Eyn'Eyn—1=E(yn - yn—1)
\%
= yn
A= E e (i)

\Y \Y
Eya= " (Yon)

= Yne1-Yn
= Ay,
=>A= v E . (i)
me(D&m)A_VE:EV
Example : Estimate the missing term in the following table
X 0 1 2 3 4
f(x) 1 3 9 - 81

Solution :

Let the missing term y;

y Ay A%y A%y Aty
1
2
1 3 4
ys- 19
6 124- 4y,
2 9 ys-15
ys- 9 105-3y;
3 Ya 81-2y;+9
81-y;
4 81

As only four entries yo, Y1, Y2, Y3 are given, the function y can be represented by a third degree
polynomial, here 4, order difference become zero i.e.

124 -4y, =0 =y, =31

Hence, missing term is 31.
Example :

Estimate the missing term in the following table.

X 0 1 2 3 4 5 6

y 5 11 22 40 - 140 -

Solution :
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Let the missing term by y, & ys.

x y A N N A* N
0 5
6
1 11 5
11 2
2 22 7 ya-67
18 ys-65 370-5y,
3 40 y4+-58 303-4y,
y4-40 238-3y, ye+10y,-1001
4 Y4 180-2y, Ye1+6y4-698
140-y, Vet+3Yy4-460
5 140 Yet+ys-280
ye-140
6 Ye

As only four entries v, Y1, Y2, Vs, Y5 are given The function y can be represented by a 4th

degree polynomial & hence 5th difference become Zero i.e.

7.3

Note :

370-5y,=0 and ys+10y,~1001 =0

= y,=74 = Ye+t10x74-1001=0
=  Ye+740-1001=0
= Y =261

Newton’s Interpolation formulae :

It is of two types

i) Newton forward interpolation

i) Newton backward interpolation

Newton’s forward interpolation formula :

Let the function y=f(x) have values vy, Vi, VYa...... Y. corresponding to X = Xo, Xoth,
......... Xo+nh.

Suppose we have to find value of y for some intermediate value of x = x,, where X, = Xo+ph

f(xp) = f(xo+Ph)

Yo = Eef(X0)
= (1+A)Yo ( E=1+A)
[1+pA+ PP-1) 2, PP-N(P-2) 5 +_._1y0
= 2 3l (Expanding Binomially)
—1 -N(p-2
Yp = Yo T PAY, +%A2yo +WA3yO Foeeeens
p_ %o~ %o
Where h

This formula is used for interpolating the value of y near the beginning of a set of

tabulated values and extrapolating values of y a little backward of y,
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ii) Newton’s Backward interpolation formula :
Let the function y = f(x) have values yo, yi.... Yo corresponding the value of x = Xo, Xoth,
Xo*+2h,....Xo*+nh respectively.
Suppose we have to find y for some intermediate value of x = x,,
Where x, = x,+ ph
f(xp) = f(x.+ph)

= Epf(Xn)

ye o = (1-A)pyn E.=(1-A) = E = (1-A)4

[1+pV PP+ 2 PR+NP+2) s +---}yn
= 2! 3!
PP+ 2,  PE+NP+2) s

Vo =yn+pVyn+ o Vo, + 3 VoY, + e

Xp = X,
Where p = h
Note : This formula is used for interpolating value of y near the end of a set of tabulated values

or extrapolating values of y a little ahead of y,
Example -1
The table gives the distances in nautical miles of the visible horizon for the given heights in feet

above the earth’s surface :

x=height : 100 150 200 250 300 350 400

y =distance : 10.63 13.3 15.04 16.81 18.42 19.90 21.27

Find the values of y when (i) x = 218 ft ii) 410ft

Sol. The difference table is
« y A A A A

100 10.63
2.40

150 13.03 -0.39
2.01 0.15

200 15.04 -0.24 -0.07
1.77 0.08

250 16.81 -0.16 -0.05
1.61 0.03

300 18.42 -0.13 -0.01
1.48 0.02

350 19.90 -0.11
1.37

400 21.27

i) If we take x, = 200, then y, = 15.04, y, =1.77, 5y, = -0.16, 3y, = -0.03, 4y, = -0.01
_ _XX% 1836
Since x =218 and h =50, .. h 50
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Using Newton’s forward interpolation formula,
_ PP—1) 2., , PP-T)P-2) 5
yp—yO+pAyO+TAyO+TAy a1

0.36(~0.64)(-1.64) 0.36(~0.64)(-1.64)(-2.64)
24

L+ PP=NP=2)p=3) \a

0.36(-0.64)

f(218) =15.04 + 0.36(1.77) + (-0.18) +

(0.03) +

(-0.01)

= 15.696 i.e. 15.7 nautical miles

i) Since x = 410 is near the end of the table, we use Newton’s backward interpolation
formula.
Taking h 50
Using the line of backward differences
y, =21.27, Vy, =1.37,V2yn =-0.11, Vayn =0.02 gtc.

By Newton’s backward formula

0.2

LY, +p(P2'+1)Vzyn +|o(p+1’;'(|o+2)v3yn +p(p+1)(p4+' 2)P+3) ey
0.2(1.2) 02(12)(2.2) 5 oo, 0-20:2)2:2)3:2) 4 4,
f(410)=21.27 +0.2(1.37)+ 2 (-0.11)+ 6 24

= 21.53 nautical miles.

Example : 2

From the following table, estimate the number of students who obtained marks between 40 and 45.
Marks 30-40 40-50 50-60 60-70 70-80
No. of students 31 42 51 35 31

Sol. First we prepare the cumulative frequency table

Mark less than (x) : 40 50 60 70 80
No. of students (yx) : 31 73 124 159 190
Now the difference table is
« v Ayy Ay, Ay, Ay,
40 31
42
50 73 9
51 -25
60 124 -16 37
35 12
70 159 -4
31
80 190
X=Xy, 5

0.5

Taking xo =40, x=45,p= h zﬁ -
No. of students with marks less than 45 i.e.

-1 -Np-2 -Np-2)p-3
p(pz' ) gy, PP=DP=2) 3 PP=DP=2)P=3) 4

=Yo +PAY, + 3] 21

f(45)
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05(-05) o 05(-05)-15)  og) 056-05)1.5(-25)

9
6 24

B 31+0.5x42 +

=47.87
The number of students with marks less than 40 is 31

Hence the number of students getting marks between 40 and 45 = 48-31 = 17

Example : 3
Find the cubic polynomial which takes the following values :
X : 0 1 2 3
f(x) 1 2 1 10
Evaluate f(4)
Sol. The difference table is
X f(x) Af(x) N*F(x) A*(x)
0 1
1
1 2 -2
-1 12
2 1 10
9
3 10
x—0:X

Taking x=0,p= h
Using Newton’s forward interpolation formula,
p(p—1) PP-1)(P-2) s

() Yo rPMor o Aot 3 Yo
B X X(x—=1) » X(X-=N(x-2) ;3
f(x)=f(0)+ 1Af(0)+—1.2 A f(0)+—1.2.3 A°f(0)
x(x-1) N x(x—lé(x -2) (12)

:1+x(1)+T(—2)
:1+x—x2+x+2(x2—xXx—Z):1+2x—x2+2()c3’—3x2+2x):1+2x—x2 +2x° —6x” + 4x
= 2X3- TX2+ 6x + 1

f(4)=2.45-7.4,+6.4 + 1
=2.64-7.16 + 24 +1

=128 - 112 + 25 = 41
Which is the same value as that obtained by substituting x= 4 in the cubic polynomial abover

f(4) = 41
Example : 4
Find the number of men getting wage between Rs 10 and Rs 15 from the following data.
WagesinRs 0-10 10-20 20-30 30-40
Frequency 9 30 35 42
Solution :

First we prepare the cummulative frequency table, as follows

Wages less then x 10 20 30 40
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No of men 9 39 74 116

Now the difference table is

X y A N2 A
10 9
30
20 39 5
35 2
30 74 7
42
40 116

We Shall find ys i..e number of men getting way less then 15,

Taking X, = 10, x =15

poX=% _ 15-10 =i=
h 10 10

Using Newton forward intrpolation formula we get

P(P-1 P(P-1)(P-2
yp=yo+PAyo+%A2yo+( 3),( Yy,

0.5

94(5)(30)+ ('5)(5 N x5, (S(5= 2('5 =2y
=9+15-0.625 + 125 =23.5=24
Number of men getting wages between rs 10 and Rs 15 = 24-9=15

7.4 Lagrange’s Interpolation formula for unequal intervals :
This formula is applicable when values of y = f(x) are y,, y1 ...y, for unequal values of x=x,, X1, .. Xx

are given, then
(X=X )X =X5). (X = X,,) (X=X )(X = Xp)eeen(X — X,,)
fix) = (Xo =X1)(Xg =Xz).-.-(Xo — X, ® (%= X0)(Xq = Xg )oenne(Xg = X,)

(x=xy)(x=x).c..ix—x,,)

(x, =x)(x, = X)X, —X,;)

Y

is Lagrange’s interpolation formula for unequal intervals.
Proof :
Let y=f(x) be a function which takes the values (xo, o), (X1, ¥1)....... (Xn, Yn)-
Since there are (n+1) of values of x and y, we can represent f(x) by a polynomial in x of degree n.

Let the polynomial be of the form
y=f(X) = @o(X-X1)(X-X2)....(X-Xn)*+a1(XX0)(X-X2)....(X-Xn)
+82(X-X0)(X=X1)(X=X3)....(X-Xn ) F......+ @n(X-X0)(X-X1)(X-X2)....... (XXn1) e, (1)

Putting X = Xo, Yo= Ao (Xo = X1)(Xo-X2).....(Xo = Xn)

= ao= (Xo =X1)(Xg = X3)-....(Xo — X,
Simillarly putting x = x4,
Y1 = a1(X1-Xo)(X1-X2) (X1-X3). ... (X1=Xn)

- a; = (X4 =Xg)(Xg =X3)eeee. (X4 =X,



Proceeding likewise, a,= (Xn =Xo)(Xp =Xq)-..... (Xy = Xn1)
Putting the values of a,, ai, a............. a, in the supposed polynomial (1)
(X=X (X =X5)een (X = X, (X=X )(X = X5 )eeern(X — X,,)
ot Vit
f(x) = (Xo = X1 )(Xg = X3)-...(Xg = X, (X4 = %o )(Xg = X5).eenn(Xg — X,
(X =X )(X = Xq)eee (X = Xpp4) y
+ (X = X0)(Xg = Xq)eees(Xg =X 4) "

Example : Given the values
X : 5 7 11 13 17
f(x) : 150 392 1452 2366 5202
Evaluate f(9), using Lagrange’s interpolation formula
Sol. Herexo=5x1=7, x=11,x3=13, x4 =17
Yo=150, y:=392, y, = 1452, y; = 2366, y, = 5202
By Lagrange’s Interpolation formula

(X =X )(X = X5 )(X = X3 )(X = X,) + (X=X )(X =X )(X = X3 )(X =X, )
F(x) = (Xo =X4)(Xo =X )(Xo = X3)(Xo = X4) ® Xy = X0 )% = Xo )(Xg = Xg )Xy = Xg)
(X =Xg )(X = X4 )(X = X3 )(X = X4) (X =X )(X = X4 )(X = X5 )(X = X4)
+ (X2 =X )(Xg = X4 )(Xz = X3)(X —Xg) 2 + (X3 = X0 )(X3 = X4 )(X3 = X2 )(X5 — X4) ’

(X =X )(X = X4 )(X = X, )(X = X3)
+ (Xg = Xo)(Xg = X1)(Xg =X )(X4 = X3)

Ya

Putting x =9 in above formula,

(9-7)O-119-13)9-17) .., (9-5)(Q-11)9-13)9-17)

f9) = (5-7)5-11)(5-13)5-17) (7—5)(7—11)(7—13)(7—17))(392
(9-5)9-7)O-13)9=17) _1,en, (9=5)O-TYO-1NO-17) o
(11-5)(11-7)(11-13)(11-17) (13-5)(13-7)(13 - 11)(13 - 17)
(9-5)9-7)9-110-13) 0,
)

(17 =5)(17 = 7)(17 —11)(17 —13)

50 3136 3872 2366 578

——+ + - + =810
= 3 15 3 3 5

Example :
Apply lagrange’s method to find the value of x when f(x)=15 from the given data
X 5 6 9 11
f(x) 12 13 14 16
Solution :
Here Xo=5 X1=6 X>=9 X;=11
Yo=12 y1=13 y.=14 y>=16
Taking y = 15 and using the above results in lagrange’s inverse interpolation formula.

(V=y)y=ya)y-ys) . (Y=Y =Yo)y—ys)
x= (Yo =Y1)(Yo —Y2)(Yo —¥3) ° (Y1 = Yo)(Y1 = Y2)(Y1—Y3)

1
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V=Y )y =y)y-ys) . (Y=¥o)y=y)y-v,)
(Y2 =Yo)Y2 = Y1 )(Y2 —V¥3) ? (Y3 = Yo)(Ys = Yi)(Ys —Y2)

(15-13)(15-14)(15-16) . _(15-12)(15-14)(15-16)

= (12-13)(12-14)(12-16) (13-12)(13-14)(13 -16)
+(15—12)(15—13)(15—16) 9+(15—12)(15—13)(15—14) 11
(14-12)(14-13)(14-16) (16 -12)(16 -13)(16 —14)
2x1(-1) 5+ 3x1(-1) x6+3X2X(_1)x9+ 3x2x1
(-1(-2)(-4) 1(-1)(-3) 2x1x(-2) 4x3x2

g—6+2?7+%=1.25—6+13.5+2.75:17.5.6=11.5

7.5 Numerical Integration :

X3

x11

The process of evaluating a definite integral from a set of tabulated values of the integrand f(x)
is called numerical integration. This process when applied to a function of a single variable is known
as quadrature.

7.5.1 Newton- cote’s quadrature formula :

b
Let = Lf(x).dx’ where f(x) takes the values Yo, Y1, Yz «vvvveveeenens. Yo fOF X = Xo, Xiunv.e X
Let’s divide the interval (a,b) into n sub-intervals of width ‘h’ so that x, = a, Xeth=x4, Xo +2h = Xz....xo +
nh = x, = b, such as. Xo X X, K ettt X
I I | I |
a b
Xo+nh
j f(x).dx
Then | = Jx Put X = Xotrh
dx = hdr

X=%X=r=0

X=Xo+nh = r=n
n
_h jof(xo +rh)dr

r(r—

" 1) 2
_ hIO {yo +rAy, + > AYo+.. }dr

Integrating term by term

Xo-+nh n n(2n-3) .» n(n—2)
f(x)dx=nh|y, + = Ay, + —— Ay + ———
LO %) {yo 270" 1 ot Ty e (1)

Which is known as Newton-cote’s quadrature formula.
7.5.2 For n=1 Trapizoidal Rule
Puttingn=1 in equation (1) taking curve through (o, yo) and (xi, y1)

Xo

wah f(x)dx = h[yo + %Ayo}

h
_ 5 Vo+yi]
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Xo+2h h 1 h
I f(x)dx=—{y1 +—Ay1} E[y1 +y2]
Simillarly 2 2 "=

Xo+nh h
Jo o 008X = Z [y 4]

Xo+(n=1)h

Adding these n integrals, we obtain

Xg+nh h
. )X = (Vo + V) + 20y + ¥z + b Yo )]
7.5.3 Simpson’s rd Rule :

Putting n=2 equation (1) and taking curve through (X, Yo), (X1, y1) and (X, y2) on parabola.

Xo+2h 1 2
j f(x)dx = 2h(y, + Ay, +EA Yo)

Xo

Xg+4h h
f(x)dx = — 4
Simillarly .[ (x)dx 3(y2 +4y5+Y,)

Xo+nh h
Jo o O)OX =2 (Va2 +4Y01 +,)
Adding, all these integrals, we have n is even

(n being even )

Xg+nh h
J,f00ax =2 [(yo +¥a) + 401+ Yo+t Yo )+ 2y + Yo+

Xo

1
Working procedure of Trapizoidal, and simpson’s 3rd
b
Step - 1 Compare Lf(x)dx with given problem
Step -2 Choose a, b, f(x),

b-a
Take xo =a, Xethh=b,h= n

(n is the total no. of sub intervals, depend up on user)

Step -3 Find Xo, X1, X2, «ev..... X, and corresponding Yo, Y1, Y2, Y3, ...
Step -4 For Trapizodal method

Set all values of yo, y1, Y2 ........ Ya in

h

Slvo+ya)+ 20 +yz + oty )]

1

Step -5 For Simpson 3 th

Set all value of yo, y1, Y2 ........ Ya in

Example : 1
6 1
[
Evaluate %0 1+ x by using trapizodal method

Sol.

{95}

..... +Yno )]



Step - 1

Step -3

Step -4

Step -5

1
2
_%[1.027)+2(0.8973)]

b
Here standard form is Lf(x)dx
6
1
1+ x2

1
a=0,b=6, f(x)= 1+x°

dx

given problem is o

b—a_6—0_1
Take n=6. h= n 6
X1 =Xt h X4
=0+1=1
X2 =Xo+2h Xs
=0+21=2
X3 =Xo+3h X6
=0+3.1=3
1 1
Yo = =07
For Xo = 0 1+x, 1+0
1 1 1
Yy = =—=-=.5
X; =1 1+x, 1+1 2
1 1
= =—=.20
X, = 2 Y2217 75
1 1
=—=0.1
Xs =3 Yo =173 "0
1 1
= =—=.0588
X, = 4 Yam a2 "7
1 1
= =—=.0385
Xs =5 Y= 1,5 26
1 1
= = =.027
Xo =6 Vo= 1ie? 37

For Trapizodal

b h
[f00dx _ Zltyo + Vo) + 291+ ¥z + Vs +Ya +s)

[(1+.027) +2(.5+.20 +.1+.0588 +.0385)|

=1.4108
1

For Simpson’sg rd

J00ax_Zlyo +Ye)+ 4y + s +ys) + 2v5 +v.)

_ %[(1 +0.027)+4(0.5+0.1+0.0385) + 2(0.2 + 0.0588)]

Long Questions with Answer

= Xot+4h
=0+4.1=4
= Xo+5h
=0+5.1=5
= Xo + 6h
=0+6.1=6

= 1.3662

1. Using the Newton’s forward Interpolation formula find the value as f(1.6) if.

X

1 14 1.8 2.2
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f(x) :  3.49 4.82 5.96 6.5

Solution :
X f(x) A N N
1 3.49
1.33
1.4 4.82 -0.19
1.14 -0.41
1.8 5.96 -0.6
0.54
2.2 6.5
X,=1.6
h=1.4-1=0.4
Xo=1.4
Xp= Xo+ph
=  ph=X-Xo
X, — Xo
= p== h
~16-14

=0.5
0.4

Using Newton'’s forward interpolation formula we get

w(_o 6)
f(1.6) = 4.82 + (0.5) x (1.14)+ 2 ©)_ 5 465

By using Newton forward interpolation formula we have goty = 5.465
2.  Apply Newton’s Backward formula to find polynomial of degree three which includes the

following x, y pairs.

X : 3 4 5 6
y : 6 24 60 120
Solution : The difference table is
\% \% \Y4
X y y 2y 3y
3 6
18
4 24 18
36 6
5 60 24
60
6 120
Xn=6,y,.=120, Vy, =60, V,y, =24, V3y, =6
o= X-X, X-6 VP
h=1, h
\Y4
P(P+1)szn N PP +1)(P + 2)VS )
y=ytp y.+t 2 3!
(x—6)(x—6+1)x24+(x—6)(x—6+1)(x—6+2)><6
= 120+(x-6)60 + 2 6

= 120+60x-360+12(x-6)(x-5)+(x-6)(x-5)(x-4)
= 120+60x-360+12x,-132x+360+(x-6)[x.-9x+20]
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= 120+60x-360+12x>-132x+360+X3-9%,+20x-6X,+54-120
= X3-3Xo+2X
By using Newton Backward formula

we have obtained f(x) = X3-3x2+2x

3. Using lagrange’s Interpolation find the value of y when x=10 if the following value x & y

are given
X : 5 6 9 1
y : 12 13 14 16
Solution : Given Data
X : 5 6 9 11
y : 12 13 14 16
0 1 2 3
Given x =10

(X—X)(X—X,)(X=X3) (10-6)(10-9)(10-11) 1

lo(X) = (Xo =X1)(Xg = X5 )(X —X3) (5-6)(5-9)(5-11) 6
(X=X )(X=X,)(X=X3) _ (10-5)(10-9)(10-11) 1

L= (X)X = X)Xy —X5)  (6-5)(6-9)(6-11)
(X=X ) (X=X )(Xx=%Xz)  (10-5)(10-6)(10—11)

" = (X2 = Xo)(Xp = X4 )(Xp = X3) (9-5)(9-6)(9-11)
(X=X )(X=X)(x~X;) _ (10-5)(10-6)(10-9) 1
I, = (Xg=Xo)(Xz =X )(Xg —%z) (11-5)(11-6)(11-9) 3

p(X) = |0y0+|1y1 +|2y2+I3y3

1x12 + —1x13 + éx14 + 1x16 =14.66666667
=\6 3 6 3

3
S
6

7 dx % hzl
2
4. Evaluate o 1% X using trapezoidal rules and simpson’s rd rule taking and
compare the result with its actual value.
Solution :
todx

2
Step-1 Given o 11X

b
f(x)dx
The standard form is a
Step-2 Comparing we have
1

f(x)= 1+x? , a=0

Step-3 x,=0=a

=0.25 z =0.5
X2 = Xo+2h:0+ 4

IR

X1 = Xo+h:O+
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4

3 _075 s
4 X4= Xo+4h= 4 =1=b

X3= X0+3h=
1
Step-4  y=1+x°

1+x5 1+0

y= =11 a1
1552 1+(257  1.0625

1 1 1 1

=Y

= = = = :0.8
Y2 T 14 (5 14025 125
1 1 1 1
1+x3 1+(0.75)° 1+0.5625 1.5625
Y4 1 —1 = 1 =0.5

T1ex2 141 2

Step -5 For trapezoidal rule

(00X = 2 (Yo +¥a)+ 209+ ¥ +Y5)]

O — T

1 [(1+0.5)+2(0.941+0.8 +0.64)]

[2)

=0.78275
Step-6 For Simpson’s Y rd rule

O t—

f(00x = 210 + ¥.)+ 403 +Y3)+ 295)]

%[(1 +0.5)+ 4(0.941+0.64) + 2x0.8]

=3

% [1.5+6.324 +1.6]=.7853333

Step -7 Now the actual value is

1

1
j dxz =tan‘1x} —tan""1—tan"'0= " =0.78571
5 1+X 0 4

Step -8 Now comparing the actual value with Trapezoidal value is
Error = 0.78571 - 0.78275 = 0.00296
And comparing the actual value with Simpson’s value is
Error = 0.78571 - 0.785331 = 0.00038

Step -9 We observed that the result obtained in Simpson’s rule is closer to actual value rather
them Trapezoidal rule.

i

5.  Find the value of 1 X
)5 1
a) by Simpson rdrule taking h=4
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b) by Trapizodal rule taking h= 4
Hence obtain the approximate value of Ln2.

Solution :

1

Here a=1, b=2, f(x)= x

b-a 2-1 1
>h=——=—_—=—=1
choose n=10 n 10 10
Xo X4 X2 X3 Xy Xs Xe X7 Xs Xg X10
X 21 1.1 1.2 1.3 14 1.5 1.6 1.7 1.8 1.9 2
Fix) - 1 o o o 4 @ © o o o o o
© o ~ - @ @) w [4)] [$)] (47}
o w (o)) . o)} ] ® M, )
@ W © (¥ o)) 33 & 3yl o
) W ] o) o)) ¢! 3yl )
@ [\ N 13! o)) 3% 3yl =
o I w ~ o)) &) [yl wn
© &N ] - o)) ) &yl ~
o W = S o)) © )] o)
(o] w (@)} w (@] e N
= [0a) - (4]
N

By using simpson % rd
b

000 = STk ) + 01 ) + 200,)  £(x,) 10+ (x5}
0.1

=3 {(1 + 05) +2 {(0.83333333 + 07142857143 + 0.625 + .555555555) + 4(0.9090909091 +
7692307692 + 0.666666666 + .588235294 + .5263157845)} = .6931622307

+ 4{f(X1 ) + f(XS ) + f(X5 ) + f(X7 )}]

2
ax_ [Lnx]7 =Ln2 —Ln1=Ln2 =.6931471806
X

1
By using Trapizodal

b
[100).0x =g[{f<xo)+ F(xa0 )} + 20 (x1) + F(x2) + F(x5) +F(xa )+ F(x5 ) + (x5 ) + F(x7)

a

+f(xg) + f(Xq)]]

=Y [(1+.5)+2[.9090909091+.8333333333 + .7692307692 + .7142857143 + .666666666 +.625 +
.5882352941 + 0.555555555 + .5263157845]] = .69377141019
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